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Abstract. We consider degenerate Monge- Ampere equations of the type 

det D 2 u = / in Q, f ~ dg^ near dfl, 

where dgn represents the distance to the boundary of the domain Q and a > 
is a positive power. We obtain C 2 estimates at the boundary under natural 
conditions on the boundary data and the right hand side. Similar estimates 
in two dimensions were obtained by J.X. Hong, G. Huang and W. Wang in 
|HHWI . 



1. Introduction 

In this paper we discuss boundary regularity for solutions to degenerate Monge- 
Ampere equations of the type 

det D 2 u = f in 17, / ~ dg n near dQ, 

where dgn represents the distance to the boundary of a convex domain f2 and a > 
is a positive power. 

Boundary estimates for the Monge- Ampere equation in the nondegenerate case 
/ G C(fl), f > 0, were obtained starting with the works of Ivockina [J, Krylov [K] . 
Caffarelli-Nirenberg-Spruck [CNS] (see also [OHWllW]). The general strategy for 
the C 2 estimates in the nondegenerate case is to obtain first a bound by above for 
the second derivatives on <9f2, and then to use the equation and bound all the pure 
second derivatives by below. When / = on dfl this bound cannot hold since some 
second derivative becomes 0. In this paper we show that, under general conditions 
on the data, in a neighborhood of d£l only one second derivative tends to and 
all tangential pure second derivatives are continuous and bounded by below away 
from 0. The difficulty in proving this result lies in the fact that the tangential pure 
second derivatives are only subsolutions for the linearized operator, and therefore 
it is not clear whether or not such a lower bound is satisfied. In the case of two 
dimensions J.X. Hong, G. Huang and W. Wang in [HHWj used that the tangential 
second derivative is in fact a solution to an elliptic equation and showed that u € C 2 
up to the boundary. 

In this paper we study the geometry of boundary sections in the degenerate case 
when / behaves in a neighborhood of dVl as a positive power of the distance to dil. 
We use the compactness methods developed in [Slj where a localization theorem 
for boundary sections of solutions to the Monge- Ampere equation was obtained. 
In Theorem 12.11 we show that a localization theorem holds also in the degenerate 
case, and it states that boundary sections have the shape of half-ellipsoids. We 
achieve this by reducing the problem to the study of tangent cones for solutions to 
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degenerate Monge- Ampere equations that have a singularity on dfl. Then we use 
the ideas from )S2j where the regularity of such tangent cones was investigated for 
the classical Monge- Ampere equation. 

Before we state our main results we recall the notion for a function to be C 2 at 
a point. We say that u is C 2 at xq if there exists a quadratic polynomial Q Xo such 
that, in the domain of definition of u, 

u(x) = Q Xa {x) + o(\x - x \ 2 ). 

Throughout this paper we refer to a linear map A of the form 

Ax = x + rx n , with t ■ e n = 0, 

as a sliding along x n = 0. Notice that the map A is the identity map when is 
restricted to x n = and it becomes a translation of vector st when is restricted to 
x n — s . 

Let SI be a bounded convex domain such that dfl is C 1,1 at the origin, that is 
Oedn and 

(1.1) f2 C {x n > 0}, and has an interior tangent ball at the origin. 

We are interested in the behavior near the origin of a convex solution u £ C (f2) to 
the equation 

(1.2) det D 2 u =g(x)d% n , a > 0, 

where g is a nonnegative function that is continuous at the origin, g(0) > 0. 

Our main theorem is the following pointwise C 2 estimate at the boundary (see 
also Theorem 12.41 for a more precise quantitative version) . 

Theorem 1.1. Let ft, u satisfy (|1.1[) . (|1.2I) above. Assume that 

u(0) = 0, Vm(0) = 0, u = tp on <9ft, 

and the boundary data ip is C 2 at 0, and it separates quadratically away from 0. 

Then u is C 2 atO. Precisely, there exists a sliding A along x n — and a constant 
a > such that 

u(Ax) = Q (x') + ax 2 + a + o(\x'\ 2 + x 2 + a ), 
where Qo represents the quadratic part of the boundary data ip at the origin. 

If the hypotheses above hold and dfl S C 2 , ip € C 2 , g € C 3 in a neighborhood 
of 0, then u € C 2 (ilnBs), for some small S > (see Theorem l2.6p . Here we require 
g € C@ only to guarantee the C 2 regularity at interior points close to dfl. 

It is worth remarking that the C 2 estimate of Theorem 11.11 docs not hold for 
harmonic functions or solutions to the classical Monge- Ampere equation. In these 
cases we need stronger assumptions on <9f2 and <p, i.e. to be C 2,Dml at the origin. 

In a subsequent work we intend to use Theorem 11.11 and perturbations arguments 
to obtain C 2,/3 and higher order estimates when the data <9f2, ip, g is more regular. 

Our second result which is closely related to Theorem II .11 is a Liouville theorem 
for degenerate solutions to Monge- Ampere equations defined in half-space. 

Theorem 1.2. Assume u € C(K™ ) satisfies 

(1.3) det£> 2 u = <, u(x',0) = t;W\ 2 - 
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If there exists e > small such that u = 0(|x| 3+Q e ) as \x\ — > oo, then 

1 x 2+a 
u(Ax) = bx n + -\x'\ 2 + n 

2 (l + a)(2 + a) 

for some sliding A along x n = 0, and some constant b. 

We remark that Theorem 11.21 holds also for a = 0. The theorem states that 
solutions to (|1.3j) that grow at a power less than |a;| 3+Q at oo are unique modulo 
additions of cx n and domain deformations given by slidings along x n — 0. Clearly, 
both transformations leave (|1.3j) invariant. The growth condition at infinity is 
necessary since 

2(1 + x n ) 2 l 2 ^ - ^ n - 1 ' ^ (1 + a) (2 + a) (2 + a)(3 + a) 
satisfies also (|1.3|) . 

In the two dimensional case Theorem 11.21 follows easily after performing a partial 
Legendre transform in the x\ direction. Then the problem reduces to the classifica- 
tion of solutions to a linear equation defined in half-space. However this approach 
does not seem to work in higher dimensions. 

Theorem 11.11 applies when the right hand side /, which may depend also on u 
and Vu, is expected to behave as a power of the distance to <90. For example we 
obtain C 2 estimates up to the boundary for solutions to the eigenvalue problem for 
Monge- Ampere equation which was first investigated by Lions in [E] . 

Theorem 1.3. Assume dil £ C 2 is uniformly convex and u £ C(f2) satisfies 

(det-D 2 w)" = \\u\ in Q, u — on dfl. 

Then u £ C 2 (n). 

In two dimensions Theorem 11.31 was obtained in [HHW . 

The paper is organized as follows. In Section [2] we introduce some notation 
and state our main results, the localization Theorem 12.11 and the quantitative C 2 
estimate Theorem 12.41 Most of the paper is devoted to the proof of the localiza- 
tion Theorem 12.11 In Section [3] we deal with some general properties of boundary 
sections. In Section [4] we use compactness and reduce Theorem 12.11 to Theorem 
14.51 which deals with estimates of boundary sections for a class of solutions with 
discontinuities on 90. In Section [5] we obtain two Pogorelov type estimates for 
solutions to certain Monge-Ampere equations. We use these estimates in Section 
[5] where we complete the proof of Theorem 14.51 In Section [7] we prove a Liouville 
theorem from which Theorem 12.41 follows. Finally is Section [8] we prove Theorems 
bOandfOl 

2. Statement of main results 

We introduce some notation. We denote points in W 1 as 

x = {x 1 ,...,x n ) = (x',x n ), i'gK" -1 . 

We denote by B r (x) the ball of radius r and center x, and by B' r (x') the ball in 
fljn-i f rac jius r and center x' . 

Given a convex function u defined on a convex set f2, we denote by Sh(xo) the 
section centered at xq and height h > 0, 

Sh(xo) ■— {x £ 0| u(x) < u(x ) + \7u(x ) ■ (x — x ) + h}. 
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We denote for simplicity Sh = Sh(0), and sometimes when we specify the depen- 
dence on the function u use the notation Sh(u) = Sh- 

Throughout the paper we think of the constants n, a and \i as being fixed. We 
refer to all positive constants depending only n, a and \i as universal constants and 
we denote them by c, C, Ci, Ci. The dependence of various constants also on other 
parameters like p and p' will be denoted by c(p,p r ). 

Our assumptions are the following (we assume p, p' are small positive constants). 

First we assume O is C 1 ' 1 at the origin, that is 

HI) Q is an open convex set , <E dfl, 

n c {x n > o}n%, 

and has an interior tangent ball of radius p at the origin. 

Let x n +i = be the tangent plane for a continuous convex function u : £1 — > K 
at the origin, that is 

H2) u > 0, u(0) = 0, Vu(0) = in the sense that x n+ \ = tx n is not a supporting 
plane for the graph of u at for any t > 0. 

We assume that u separates on dfl quadratically away from its tangent plane in 
a neighborhood of 0. Precisely 

H3) For some e <= (0) j) we have 

(1 - e )(p(x) < u(x) < (1 + e )ip(x') for all x G dQ n B p / 2 , 
with </5(V) a function of n — 1 variables satisfying 

and also at the points on <9f2 outside f? p / 2 we assume 

u{x)>p' on 90 n {x n < p} \ B p /2 ■ 

We assume that the Monge- Ampere measure of u near behaves as dg n where 
ddn{x) denotes the distance from x to <9f2 i.e., 

H4) 

(1 - e )dao < det D 2 u < (1 + eo)rfgn in B p n O, 

and 

detD 2 u<l/p' in {i„<p}fl!l. 
Our localization theorem states that if u satisfies the hypotheses above then the 
sections Sh of u at the origin are equivalent, up to a sliding along x n = 0, to the 
sections of the function \x'\ 2 + x 2 + a . 

Theorem 2.1 (Localization Theorem). Assume HI, H2, H3, H4 are satisfied. If 
eo is sufficiently small, universal, then 

k AE h n Tt C S h C fc _1 AE h n O for all h < c(p, p'), 

where 

£ h :={\x'\ 2 +xl +a <h}, 
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and A is a sliding along x n = i.e. 

Ax = X + TX n , T = (ri,T 2 , ..,T n _l,0), |t| < C(p,p'). 

The constant k above is universal, that is depends only on n, a and p, and c(p, p'), 
C{p,p') depend on the universal constants and p, p' . 

Remark 2.2. The conclusion can be stated as 

c(|xf + x 2 + a ) < u{Ax) < C(\x'\ 2 + x 2 + a ), 

in a neighborhood of the origin where c, C are universal constants. Equivalently we 
can say that there exists a sliding A such that A~ 1 Sh is equivalent to an ellipsoid 
of axes parallel to the coordinate axes and of lengths ft, 1 / 2 , ft, 1 / 2 , . . . , ft 1 / 2 , ft, 1 /( 2 + Q ) . 

Remark 2.3. If det D 2 u — and (9f2 € C ' in a neighborhood of then The- 
orem 12.11 provides bounds by above and below for the tangential (to dQ) second 
derivatives in a neighborhood of 0. The conclusion of Theorem 12 . 1 1 can be viewed 
as a boundary C ' estimate by below written in terms of the sections Sh rather 
than using second derivatives. 

The localization theorem for the nondegenerate case a = holds if detl? 2 u 
is only bounded away from and oo (see |S1|). When a > the hypothesis that 
g = dg£ det D 2 u has small oscillation is in fact optimal. It is possible to construct a 
counterexample for Theorem l2.1l in two dimensions if we allow g to be only bounded. 
However in this case we obtain a pointwise C 1 ' 7 estimate (see Proposition 13.51 ) 

Our second theorem provides a pointwise C 2 estimate for solutions u as above 
in the case when the boundary data is C 2 . 



Theorem 2.4. Assume u satisfies the hypotheses of Theorem \2.1\ with 

V{x') = \\x'\\ 

For any rj > there exists Sq depending on n, a and n, and a sliding A along 
x n = such that 

(1 - n)A S h (U ) c S h (u) c (1 + r))A S h {U ) 
for all h < c(r), p, p') where Uq is the particular solution 

1, 



U (x) := -\x 



l\2 



2' 1 (l + a)(2 + a)' 



Remark 2.5. In both Theorem 12.11 and 12 .41 the first inequality of hypothesis H4 can 
be relaxed to 



p 



■ i\,-\,D-n \ CI - :,,) ( x n + -\x'\ 2 } in 13,, '") <> 



or in other words we can replace don by the distances to the exterior respectively 
interior tangent ball of radius p at the origin. In fact in our proof we just use the 
inequality above instead of the first part of H4. 

Finally we also state a version of Theorem 12.41 in the case when the data is C 2 
in a neighborhood of 0. 
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Theorem 2.6. Let OQ G C 2 in B p , and u € C(fi) convex such that 
u(0) = 0, Vu(0) =0, u = ip(x') on dVl n B p; 

with 

<peC 2 (B' p ), (/I<L%,<p(0)<±I, 
and u > p' on d£l \ B p . Assume 

det D 2 u — g dg^ in QnB p , dctD 2 u<-^ in £l\B p 

with 

9 ecP(nnB p ), \\g\\ C i><^, p'<9(0)<^ 

p p 

for some /3 > small. Then 

u € c 2 (nnB s ) 

with S and the modulus of continuity of D 2 u depending on n, a, fi, p, p' and the 
C 2 modulus of continuity of ip and dfl. 

3. Preliminaries and rescaling 

In this section we use rescaling arguments and reduce the proof of Theorem 12.11 
to the Proposition 13.81 below. 

First we show that |S , ? l | 2 (i^ ~ h n where dh is the e„ coordinate of the center of 
mass x* h of Sh- We can think of dh also as a quantity that represents roughly the 
height of Sh in the x n direction. In the next proposition we prove that after using a 
sliding Ah depending on h we may normalize Sh such that it has its center of mass 
on the -RX1S and the corresponding normalized function u satisfies essentially the 
same hypotheses as u. 



Proposition 3.1. Assume u satisfies the hypotheses of Theorem \2.1\ Then for all 
h < c(p, p',S(s) there exists a sliding along x n = 

A h = x - r h x ni Th ' e n — 0, \th\ < C(p, p',e )/i _1/4 , 

such that the reseated function 

u(Ahx) = u(x) 

satisfies in 

S h := A h S h = {u <h} 

the following: 

1) the center of mass x* h of Sh lies on the x n axis i.e. x* h = dhe n . 

2) 

c h n < \S h \ 2 d^ < C h n , 
with cq, Co universal. Also, after performing a rotation of the X\,..,x n -\ variables 
we can write 

x* h + c Q D h B 1 C S h C C D h B u 

where 

D h := diag(di,d2,..,dn-i,d n ) 
is a diagonal matrix that satisfies 

(3.i) Cfid 2 ] &°=h» 
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3) 

G h := dS h n {u < h] C 90^ 

is a graph i.e 

2 

Gh = {x',9h{x')) with g h (x') < -\x'\ , 
and i/ie function u satisfies on Gh 

(1 - 2e V(2 y ) < u(&) < (1 + 2e Ma;')- 
Moreover u satisfies in Sh 

(l-2e ) (^„-^V| 2 ^ <detL> 2 it< (1 + 2e ) (z« + - p W\ 2 

For simplicity of notation in this section we denote shortly by d , C', c[, C[ 
various constants that depend on universal constants and p,p' and £o (instead of 
c(p, p',£o) etc.) Also we use d , C for constants that may change their value from 
line to line whenever there is no possibility of confusion. 

First we construct an explicit barrier for u. 

Lemma 3.2. Let 

w{r,y);=r 2 g(yr-%) with g(t) = (1 - f) + , t>0, 

for some 7 > small depending only on n. Then the function 

wi(x',x n ) := dw(\x'\,C'x n ), 

is a lower barrier for u provided that d (small), C (large) are appropriate constants 
depending on n, fi, p, p' . 

Proof. Let t = yr~i . Using that 

dt 3 . _ x dt _ 3 



dr 2 ' dy 
we compute in the set where w > (hence te (0,1)): 

w yv = r-y = r-^l - 7)^~ 2 , 
w r = r(2g-^tg')=r(2g+pt 1 ), 



r~ 1 H2g - ^tg')' = r~^^-\-2 + |y), 



w rr = (2g - -tg') - -t(2g - -tg')' = 2g + - 7 (3 - -7)^ 

We find 



det D 2 r y w > r-^ 2 * 27 " 



(l-7)^(3-^7)-(2-^7) 2 



and 

— > Cot 1 , 

r 

thus 

detD 2 x w(\x'\,x n ) > Cl \x'\-H n1 - 2 > Cl \x' 
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Now we choose d = c(p, p') small such that 



d\x'\ 2 < -p\x'\ 2 <u on dn n B p/ 2, 

d\x'\ 2 <p' on on n {x n < p} 
and then C large such that 

det£> 2 wi > l/p' on B x j p n j>i > 0}. 

Since u > uij on <9(f2 n {x„ < p}) and det D 2 wi > det D 2 it on the set where w\ > 
we find !i > Wi in 0(1 {x„ < p}. 

□ 



Proof of Proposition \3.1\ 

Since u> w with w as in Lemma 13.21 we have Sh C < /i} thus 

5 /l c{ c 'ixf(i-c'x„|x , r | )<^}, 

or 

(3.2) S h c [\x'\ < C^h 1 ' 2 } U [x n > d x \x'\§} . 

Let x* denote the center of mass of Sh and define dh as 

We claim that 



4 > ^ 3/4 



for all /i < do 



(3.3) 

Otherwise we have 

s h c {\x'\ < Ch 1 ' 2 } n { Xn < Ch 3 / 4 }, 

and we compare it with 

,/| \ - , ,. „ 2 



u> 2 := c'/i 



h 1 / 2 



f •En 

Vw 1 



tx n , 



with c' sufficiently small, and some t > arbitrarily small. In 5/j we have w 2 < /i 
and 

detD 2 w 2 = dh- 1 ! 2 > dctL> 2 u, 
and on dfl D dSh we use x n < C'\x'\ 2 and obtain 

W 2 < d{\ X '\ 2 + C'lx'fxnh- 1 / 2 ) + tC"\ X '\ 2 < ||x'| 2 < U. 



In conclusion w 2 < u which contradicts Vu(0) — and the claim (|3.3[) is proved. 
Next we show that for all small h we also have the following lower bound 

(3.4) d h <Ch^. 

Assume by contradiction that dh > Ch 2 + a for some large C universal. Since Sh 
contains the set dfl D B ch i/i and the point 

x* h = {x* h ',d h ) with \x* h '\ <C'dl /3 , 

it contains also the convex set generated by them. It is straightforward to check 
that this convex set contains an ellipsoid E of volume 

\E\ =c(n)(ch 1/2 ) n - 1 Ch^, 
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with c(n) a small constant depending only on n, such that 

EC {x n --\x'\ 2 > h^}nB p/2 , 

P 

if h is small. Now we compare u with the quadratic polynomial P that solves 
dctL> 2 P = ^(h^) a < detD 2 u, P = h>u on dE 

hence P > u > 0. Writing this inequality at the center of E we obtain 

h n > c(n) \E\ 2 det D 2 P, 

and we reach a contradiction if C is sufficiently large, hence (I3.4[) is proved. 

From p.4p we see that C £? p / 2 for all small h, and the argument above shows 
in fact that 

(3.5) \S h \ 2 d%<C h n , 

for all small h. Indeed, by John's lemma we can choose the ellipsoid E centered at 
x* with 

E-x* C ~(S h -x*), \E\ > c(n)\S h \, 



and 



E c{x n - - \x'\ 2 >d h /2}, 
P 

and then we easily obtain (|3.5|) as before. 
Now we let 

* / 

~ A h 

X — AhX '.— X — ThX n , T}\ '■— ~ i 

x h ■ e n 

and 

u(x) = u(Ahx) = u{x). 

From (J321), (031) wc find 

j2/3 

(3.6) \th\ < C'%- < C'd- 1/3 < C'h- 1 / 4 , 

dh 

and x h lies on the x n axis by construction. 

We have x n = x n and if x £ dfl n Sh C B ch i/2 then 

|au - £| = |r,^„| < C7'/i- 1/4 |xf < C'/i 1 / 4 ]^']. 



This easily implies that Gh defined in Proposition 13.11 belongs to the graph of a 
function gh that satisfies \gh(x')\ < (2/p)\x'\ 2 . Since 

\ip(x') - <p(x')\ < C\x'\\x' - x'\ < C'h^ 4 \x'\ 2 < jtp{x'), 
on Gh we have 

(1 - 2s )ip{x') < u(x) < (1 + 2e Q )cp(x'). 
Also if x e S h then (see (|3T6]l . ([3~4]) ) 

|xf < 2|i'| 2 + 2|r /l | 2 x 2 < 2\x'\ 2 + C'df IZ d h x n < 2|i'| 2 + £ -^-x n 



thus 



X n + -\x'\ 2 <(l+^-)(x n + -\x'\ 2 ), 

P 2 p 

x n --\x'\ 2 >(l- £ ^)(x n --\x'\ 2 ), 
P 2 p 
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which imply the desired inequalities for det D 2 u. 

It remains to show part 2) of Proposition 13. II After a rotation of the first n — 1 
coordinates we may assume that Sh H {x n — dh} is equivalent to an ellipsoid of 
axes di < di < • • • < d n -i i.e. 

with C(n) a constant depending only on n. We find 

S h C |l](^) 2 < C(n)| n {0 < x n < C(n)d h }, 

and also since u < c\x'\ 2 on Gh we see that 

(3.7) d t > c 3 h^ 2 . 
We claim that 

n-1 

(3.8) d 2 + a J[d 2 > c 4 h n . 

i 

Otherwise, similarly as before we consider 



W3 := ch 



n-1 



with c small, and obtain (provided that C4 is chosen sufficiently small) 
det D 2 w 3 > c^idlUd 2 )' 1 > Cd% > det D 2 u, 

W3 < h = u on dSh\Gh, 
and moreover on Gh we use (|3.7p and obtain 

W3 < clx'l 2 + Ch-p- + tx n < — \x'\ 2 < u. 
dh 4 

This implies u > 1/73 in and we contradict that Vit(0) = 0, hence (|3.8p is proved. 
Now we define d n from dx, .., d n _i by the equality (|3.1|) . and (I3.5[) . (|3.8|) give 

(3.9) cd n <d h < Cd n 

which proves part 2). 

□ 

Remark 3.3. The set Sh H {x„ = c^} is just a translation of Sh H {a;„ = e^}, hence 
di, d2,..,d n —i represent the length of the axes of an ellipsoid which is equivalent to 
Sh n {x n = a;^ • e n }. 

Remark 3.4. We can prove (|3.8p without using the upper bound on ip(x'). Precisely, 
if we assume that ip satisfies 

liN <D 2 X ,^< fj,- 1 ^, 

with 

N = diag{a\, . . . , a 2 ^), di > 1, 
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then (|3.8|) still holds. Indeed, now we have di > czhfl 2 jai instead of f|3.T[) and then 
on Gh we still satisfy 

w 3 < ca i x i + Cx n h/dh + tx n < ip(x') < u. 

We mention that in the beginning of the proof of Proposition 13.11 we obtained 
a pointwise C 1,1 / 3 estimate for solutions that grow quadratically away from their 
tangent plane and have bounded Monge-Ampere measure. We state this result 
below although it will not be used in the proof of Theorem 12.11 



Proposition 3.5. Assume £1, u satisfy hypotheses HI, H2 of Section® and 

p\x'\ 2 < u(x) < -\x'\ 2 on dfl, detD 2 u<- in Q. 
P P 



Then 

u(x) < C'\x\i in fin B d 
with C , d constants depending on n and p. 

Proof. The section Sh and its center of mass x* h satisfy (|3.2[) and (I3.3[) since we 
only used the upper bound on det D 2 u and the quadratic bound by below for u on 
dfi. From this we obtain that the convex hull generated by x k and <9fi n B c , h i/2, 
which is included in Sh, contains fi n B c / h 3/4 for some small c[, which proves the 
proposition. 

□ 



In order to prove Theorem l2.1l we need to show that the quantities di are bounded 
by above by Ch 1 / 2 for some C universal. Precisely we prove the following lemma 
which will be completed in Section [5] 

Lemma 3.6. Assume u satisfies the hypotheses of Proposition \3.1\ for some £o 
sufficiently small, universal. Then for all h < c(p,p') we have 

max di < Ch 1/2 , 

l<i<n-l 

for some C universal, with di defined as in Provosition \3 . 1\ 

Lemma \3.6\ implies Theorem \2.1\ 

From Lemma 13.61 and (|3 . T[) , (|3.ip we find (i ^ n) 

ch 1/2 ^d^Ch 1 ' 2 , ch^<d n <Ch^, 

hence, by Proposition 13. 11 

(3.10) x* h + cF h B x c A h S h c CF h Bi, 

with 

F h x := (h^x',h^x n ). 
Since dflh H B ch i/2 C Gh C Sh = AhSh we see from the inclusion above that also 
cF h B x n Ajl c A h S h c CF h Bx. 
Using in (|3.10[) that Sh/2 C Sh we find 

F h A h A h/2 F h/2 B l C CBi 

which gives 

|U - T h/2 \ < Ci/i3-3fc, 
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for all h < c(p 7 p 1 ). If we denote by hk — 2~ k then, since a > 0, we obtain Th k — > tq 
and 

1 7>, - r 1 < C 2 h?~^, for all h = h k < c(p,p'). 
This inequality implies 

cBt c F^AhA^Fh Bx c C B u 
hence we can replace Ah with Aq in the second inclusion above and obtain 

kF h B 1 n A Ti c A S h C k^FhBi, 
for some small k universal. 

□ 

Normalized solutions. 

Next we "normalize" u in Sh (or we may think we normalize u in Sh) back to 
size 1 in such a way that it solves a similar equation. Precisely we define 

(3.11) v(x) := ^u(D h x) = ~u(dxxi,. . . , d n x n ) 



with Dh, di,...,d n defined in Proposition 13.11 Then v is a continuous convex 
function function in f2„ with £l v := f2 and 

(3.12) v(0) = 0, v > 0, Vu(Q) = (in the sense of H2). 
The section Si(v) := {v < 1} satisfies S\(v) — Sh thus 

(3.13) x* + cB\ C Si(v) C CBi, for some point x* . 
We compute 

detD 2 ^) = h" n (det D h ) 2 det D 2 u(D h x) = det D 2 u(D h x). 
From (13.21) . (13.91) we know that for i < n we have dj < C'd 2 / 3 hence 



if h < c' . Using this inequality in Proposition 13.11 part 3) we obtain 

(I - 2e )[(x n - e \x'\ 2 )+] a <d- a det D 2 u(D h x) < (1 + 2e )(x n + s \x'\ 2 ) a , 
hence 

(3.14) (l~2e )[(x n -e \x'\ 2 ) + ] a < detD 2 v < (l + 2e )(^+eok'| 2 ) Q in 

If we denote by G„ the closed set G„ := 9fi„ n dSi(v) we have that G„ is the 
graph of a convex function (x' , g v (x')) with 

2 

d n 9v < - Y"] d 2 ^ 2 < eo^n|a;'| 2 i 

hence 

(3.15) < 5 „ < eoNf . 

We have ii = 1 on dSi(v) \ G v , and on G„ the function v satisfies 

(3.16) (1 - 2e )y v {x') < v < (1 + 2e )^(x'), 
with 

Pi;0O : = rP^^ii ■ • ■ ,d n -ix n -x)- 
h 
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Notice that 

/Lt"W > D 2 x ,ip v > iiN, 

with (see §ZJ\) 

Af = diag(al,aj, . . . , a*_i), a l := > c. 

We collect the properties (|3.12|) - (|3.16|) for v into a formal definition below. 
The class 

Let fi, a be positive (small) fixed constants, and let /2 < a± < • • • < a„_i be real 
numbers. 
We say that 

v E £>£(ai, ■ ■ 

if v is a continuous convex function defined on a convex set f2 such that 
1) 

G 9f2, Bfi(xo) C ft C By- for some xo, 

1 > v > 0, u(0) = Vu(Q) = 0, 

2) in the interior of f2 the function v satisfies: 

(1 -<r)[(x n -a\x'\ 2 )+} a <detD 2 v< (1 + a){x n + <r\x'\ 2 ) a , 

3) on dft the function v satisfies: 

there exists a closed set G c 917 which is a graph (2', g(a/)) with 

g(x')<a\x'\ 2 , 

such that 

u = 1 on dil \ G, 

and 

(1 — <r)(p v (x') < v < (1 + cr)( y 9 t ,(a;') on G 
for some function y?„ such that 

p,~ x Af > D 2 ,ip v > /LV ', with A/" = diag(a 2 , a 2 , ■ ■ ■ , 

In view of (|3.12|1 - (|3.16|) and the definition above we may rephrase Proposition 
13.11 as follows. 

Lemma 3.7. Ifu satisfies the hypotheses of Proposition [3A\ and v is the normalized 
solution of u in Sh given by p. lip , and h < ho := c(p,p',So), then 

v £ T> 2£o (ai,a 2 ,:,a n -i), 
for some p, universal (depending on n, a, fi) and with a,; = dihT*. 

Definition of S' h (u). 

Given a section Sh(u) at the origin for some convex function u, we define the set 
S' h {u) C R™ -1 (and call it normalized diameter of Sh{u)) as 

x' e S' h {u) & x* h + h?(x',0) E S h (u), 

where denotes the center of mass of Sh{u). In other words S' h is obtained by 
intersecting Sh with the n — 1 dimensional plane generated by ei, ..e n -\ passing 
through its center of mass, and then we perform a h^ 1 ^ 2 dilation. 
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From the definition we see that if u(Ax) — u(x) with A a sliding along {x n = 0} 
then S' h (u) — Sh{u). If u satisfies the hypotheses of Proposition 13.11 then, by the 
definition of di (see Remark I3.3[) . we have that S' h {u) is equivalent to the n—1 
dimensional ellipsoid Eh of axes = dihr 1 ! 2 , i < n i.e. 

(3.17) E h C S' h (u) C C{n)E h . 

Thus Lemma 13.61 is equivalent to showing that S' h (u) is included in a fixed ball of 
universal radius for all h small. 

Next we check the relation between iS t '(v) and S^ h {u) if v is the normalized 
solution for u in Sh- Since 

v = -u{D h x) 
h 

we have St{v) — D^Sth^u) hence 

(3.18) S' t (v) = h^D' h - l S' th {u) = h-zD'^S'M, 

where D' h — diag(d\, .., d n -i) represents the restriction of to the first n—1 
variables. 

In order to prove Lemma 13.61 and therefore Theorem 12.11 it suffices to prove the 
next proposition which provides bounds for the sets S^(v) for general functions 
v e V£. 

Proposition 3.8. Let p, small, M large be fixed. There exist positive constants 5, 
c small, depending only on Jx, n, a, M such that if 

v e I>f(ai,..,a n _i), and a k+1 > <S~\ 

for some < k < n — 2, then 

S't( v ) C {|(x fe+ i,..,a;„_i)| < — }, 

for some t £ [c, 1] . 

Remark 3.9. Since S±(v) C Blip, we always have the inclusion 

(3.19) S' t {v) c t-?B' Vn . 

Proposition [378] states roughly that if the boundary data of v grows sufficiently fast 
in the (x k , .., x n -i) variables then the normalized diameter S$.(v) projects into an 
arbitrarily "small" set in these variables. 

The proof of Proposition 13.81 will be completed in the next three sections. We 
conclude this section by showing that Lemma |3~61 follows from Proposition ^. 81 

Lemma 3.10. Provosition \S.8\ imvlies Lemma \3.6] 

Proof. We apply Proposition 13 . 81 for jl as in Lemma T3. 71 and for M := 4y/n, hence 
the constants S, c above become universal constants. We also choose £o = 6/2 so 
that Proposition 13.81 applies for all normalized functions of u in Sh with h < ho, 
with ho — c(p, p'). 

Denote by di(h) and ai{h) the quantities di and a% — dih" 1 / 2 (for i < n) corre- 
sponding to the section Sh- We show that for any h < ho we have 

(3.20) maxdi(/i) >C => m&xa,i(th) < - maxai(h), 



A LOCALIZATION THEOREM 



15 



for some t £ [c, 1] , and with C universal. 

Since Sh C B\/ p we find di(ho) < p^ 1 hence 

maxai(/io) < C' := /O _1 ft. 2 . 

Now property (|3.20p implies that max at(h) is bounded above by a universal con- 
stant for all h < c[, thus Lemma T3.6I holds. 

In order to prove (|3.20l) let v denote the normalized function for u in Sh and 
assume that a k +\{h) is the first ai(h) greater than i5 _1 i.e. 

ai < ■ ■ ■ < a k < S^ 1 < a k+1 < ■ ■ ■ < a n _i. 

Since v £ T>^{a\, .., a„_i), by Proposition 13 .81 we have (see (|3.19p ) 

S' t (v) C {|(ari,..,x fe )| < Ci} x {\(x k+1 , .., cc„_i)| < -^}, 
for some C\ universal with 

d := 2c _ 5/M > 2t"3/M- 

From ([3~T8ll 

s th( u ) = h ' lD 'h S 't( v ) = diag(ai,..,a n -i)S' t (v), 

and we obtain 

k n— 1 

s' th {u) c < cw x n {i^i < Si- 



i=fc+l 



For i < k we have 



„ „ C maxa,. 

Ciai < Cio := — < 



M ~ M 
and we find 

which gives (see (|3.17p ) 

max ai(th) < — max a,i(h). 



□ 



4. Compactness and the class T>£ 

In this section we use compactness arguments and reduce Proposition 13.81 to the 
Theorem 14.51 below. 

We prove Proposition 13.81 by compactness by letting a — > and a k +i — > oo. 

First we remark that if we have a sequence of functions v m in D£ with a m — > 
then we can extract a subsequence v mi that converges to a limiting convex function 
v. Here, and throughout this paper, the convergence of convex functions (defined on 
possibly different domains) means that their supergraphs converge in the Hausdorff 
distance (in R n+1 ) to the supergraph of the limit function. The Monge- Ampere 
measure of the limit function v is given by x", however v may have discontinuities 
at the boundary. Before we introduce the class T>q of such limiting solutions, we 
recall some definitions of boundary values for convex functions defined in convex 
domains (see [Si]). 
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Definition 4.1. Let u : fl — > R convex, and tp : dfl ->Rbe two bounded semicon- 
tinuous functions i.e. their upper graph 

{x n +i > u(x)} C fl x R, {x n+ i > <p(x)} cSSlxM, 

are closed sets. We say that 

u = if on <9£! 

if u\dQ = if* where ip* represents the convex envelope of ip. In other words u = ip 
on dfl means that, when we restrict to the cylinder dfl x R, the upper graph of u 
coincides with the convex envelope of the upper graph of p. 

An example of function ip is of course u\dn, the restriction of u to dQ, and 
when is strictly convex this is the only possible choice. On the other hand, on 
some flat part of the boundary dQ there are many choices of functions ip > u 
since we only require ip* — u. The advantage of the definition above is that the 
maximum principle still holds and the boundary data behaves well when taking 
limits. Precisely we have (see Proposition 2.2 and Theorem 2.7 in [SI ): 

Maximum Principle: Assume 

u = (p, v = ip, ip < ip on dtt, 
dct D 2 u > f > dct D 2 v in Q. 

Then u < v. 

Closedness under limits: Assume 

detD 2 u fc = /fc, uk=Pk on <9fi fc , 

and 

u k -> u, tp k -> tp, f k -> /. 

Then 

det D 2 u — /, and u — p on dQ. 

By Uk — > it, pk p above we understand that the corresponding upper graphs 
converge in the Hausdorff distance and fk — > / means that fk converges uniformly 
on compact sets to /. 

We also use the following property of boundary values as defined above: if u = ip 
on dfl then the restriction of u to the set {u < h} satisfies 

u = ip on {ip < h} and u = h on the rest of d{u < h}. 

Next we introduce the class T>q. By abuse of notation we denote its elements 
still by u and they can be viewed as limits of normalized solutions of the functions 
u from Section 2. 

The class V%. 

Let /x > be fixed, and let fi < a\ < ■ ■ ■ < aj~ be k real numbers, < k < n — 1. 
We say that the convex function u defined in the convex set belongs to the class 

u £ 2?^(ai,..,a fc ,oo,..,oo) 

if the following hold: 
1) 

G dft, B^(x*) C il C B+. for some x* , 
u > 0, u(0) = 0, Vu(0) = 0, 
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u = tp on dfl with ip := 



2) 

det D 2 u = x* in ft, 

3) 

tfj u on G C <9fi, 
1 on dn \ G, 

where ip u (xi, --Xk) is a nonnegative convex function of k variables satisfying 

H'Wk > D 2 ^ u > fiM k , N k := diag(a\, .., a\), 

and G represents the k dimensional set (in R n ) where ip u < 1, i.e. 

G:={x£R n \ ip u (xx,..,x k ) < 1, x t =0 if i > fc}. 

We easily obtain the following lemma 

Lemma 4.2 (Compactness). Assume v m £ (a™, .., a™_i) is a sequence of 
functions with 

o"m — ► 0, — > oo. 

T/ien we can extract a convergent subsequence to a function u with 

u £ T>q (a%, .., at, oo, ., oo) 

for some < I < k. 

Proof. All the properties for u, except Vw(0) = 0, follow from the closedness under 
limits property above. In order to show that Vtt(0) = we remark that if v £ D£ 
(with a £ [0, 1/2)) then we can obtain from the proof of Proposition 13.11 that the 
center of mass x* h (v) of Sh(v) satisfies 

(4.1) x* h {v)-e n >hi if h<c, 

where c depends only on n, a, [i. Indeed, we bound v by below using the same 
barriers iv\ and W2 (with constants depending only on n, a, /Lt) and obtain the 
estimates <\'6.'2\i , p.3p . We can do this since we only need the inequality v > c\x'\ 2 
on the part of the boundary where {v < 1} which is clearly satisfied by all v £ T>£. 

Since property (|4.1[) is preserved after taking limits we see that u satisfies it as 
well, and this easily implies that Vu(0) = since otherwise Sh(u) C {x n < 0(h)} 
and we contradict (|4.ip . 

□ 

Remark 4.3. In the proof above we allow a m = and et^ = oo for some i, therefore 
the compactness holds for the class T>q as well. 

Using the compactness lemma above we see that in order to prove Proposition 
13.81 it suffices to prove the following version for the class T>^. 

Proposition 4.4. Let \i > small, M > large be fixed, and assume 

u £ £>o (ai, ..on,, oo, .., oo) 

for some < k < n — 2. There exists c(k, M) > depending only on n, a, (i, M , 
k such that 

S't(u) C {|(x fe+ i,..,x n _i)| < — }, 
for some t £ [c(k,M), 1]. 
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We will prove Proposition 14.41 by induction on k, and this is the reason why we 
require the dependence of c on k. Clearly at the end, the constant c{M) which is 
the minimum of all c(fc, M) above can be taken independent of k. 



Proposition \4-4\ implies Proposition \3. 8\ 

We show that Proposition 13. 81 holds with the constant 

c := c(2M) = minc(&:, 2M) 

k 

and for some 5 > small. Otherwise there exists a sequence of S m — > and cor- 
responding functions v m £ Dg , a™ — ¥ oo for which the conclusion of Proposition 
13.81 does not hold. By Lemma 14.21 we can extract a convergent subsequence to a 
function 

u £ T>q (ai, .., ai, oo, .., oo) for some < I < k. 
From Proposition 14.41 there is t £ [c, 1] such that 

S' t (u) C {|(x i+ i,..,x„_i)| < ^} C {|(lfc+i,..,X„_i)| < — }, 
and therefore the conclusion is satisfied for v m for all large m, contradiction. 

□ 

The key step in proving Proposition 14.41 consists in proving the following esti- 
mates for the class T>q (1, 1, ., 1, oo, .., oo). 

Theorem 4.5. If 

u € Vq (1, 1, oo.., oo) 

fc times 

for some < fc < n — 2 £/ien 

S£(«) C {|(x fe+1 ,.., a;n _ 1 )| < CA"}, /3 := . > 0, 

2(n + 1 — k + a) 

with C large depending only on n, a, fi and k. 

Theorem 14.51 holds for a — as well. Its proof will be completed in Section [6] by 
induction on k and we will see that it applies also for a = 0. 

Lemma 4.6. Theorem\4.5\ implies Proposition^. 4\ 



Proof. We prove Proposition 14.41 by induction. 

Case k = 0: We apply Theorem 14. 5 1 for k = and obtain that 

Sl(u) C {\( Xl ,..,Xn-i)\ < CtP < 

by choosing t small depending on M, /i, n, a. 

Case k — 1 =>■ k. We assume Proposition 14.41 holds for k — 1 with 1 < k < n — 2 
and we prove it holds also for k. By compactness (see Remark |4. 3|) we know that 
the following property holds 

Property P{k — 1): 

There exists Co := Cq(M, [a, k, n, a) such that if 

u € D£(ai,..,On-i), witha fc >C , 
for some dj € \p, oo) U {oo}, then 

S' t {u) C {|(x fe ,..,x n _i)| < — }, 
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for some t G [cfc, 1] with Ck depending on the parameters above. 
Thus when ak > Co the conclusion for k i.e. 

S' t (u) C {\(x k+ l,..,X n -i)\ < -^} 

is already satisfied from the property P(k — 1). It remains to prove the statement 
only when u e T>q (oj., .., ajt, oo, .., oo) and eifc < Co- In this case we can write 

m G T>q (1, 1, OO.., Oo) 

fc times 

for some /i small depending on M, /i, n, fc, a. Now we can apply Theorem 14.51 and 
find that 

S' t (u) C {\(x k+1 ,..,x n ^\ < C{jx)lfi < ±}, 
if we choose t small enough depending on M , /i, n, k, a. 

□ 

Remark 4.7. In the proof above we showed that if Theorem 14 . 5 1 holds for all I < k, 
for some k satisfying < k < n— 2, then Proposition holds for all i < k as well. 

We conclude this section with some results for normalized solutions of u £ 2?q 
in Sh(u), that are versions of Proposition 13 . 1 1 for the class 2?q . Below we think of n, 
a, n as being fixed constants, and we refer to other positive constants depending 
only on /i, a and n as universal constants. 

Lemma 4.8. Assume 

u G 2?q (oo, oo). 

For each h £ (0,1], after a rotation (relabeling) of the x' coordinates, there exist a 
sliding Ah along x n = 0, and a diagonal matrix Dh 

D h = diag(d ll d 2 , .., d n ), with d^j d" = h n , 

such that the normalized solution 

u h (x) := -u(A h D h x) satisfies u h \ Sl ( Uh ) € 2?o(°°> •■, oo), 
with fi > universal. Moreover if x* h denotes the center of mass of Sh(u) then, 

cd n < x* h ■ e n < Cd n and ch 3 ^ 4 < d n < Ch s , 
with c, C , 5 universal. 

Proof. This is a simplified version of Proposition 13 . 1 1 since the behavior of det D 2 Uh 
and the boundary data of Uh is left invariant under composition of the affine trans- 
formations above. 

As in the proof of Proposition l3.il we choose di,...,d n -i as being the lengths of 
the axes of the ellipsoid which is equivalent to Sh H {x n = x* h ■ e„}. After a rotation 
we may assume that its axes are parallel to the coordinate axes. We choose d n in 
terms of di, . . . , d n -\ so that it satisfies the above identity for Dh- We let Ah so 
that x* , the center of mass of Siiuh), lies on the x n axis, i.e. 
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By construction, the restriction of Uh to Sx(uh) satisfies 

u h > 0, u h (0) = 0, Vu h (Q) = 0, det D 2 u h = <, 

Uh = (f on dSi(uh), with ip = 1 on dSi \ {0}, and ip(0) = 0, 
and when we restrict to the n — 1 dimensional space passing through x* we have 
£>! C Si(uh) C C(n)B 1 on the hyperplane {a; n = x* • e n }. 
In order to prove that belongs to the class T>q above it remains to show that 

c < x* ■ e n < C. 

We obtain this by choosing appropriate lower and upper barriers for u/,. in Si (uh)- 
Indeed, if x* ■ e„ is very small then we obtain Uh > W3 where W3 is the barrier 

W3(x) = c\x'\ 2 + c 1 ~ n x 2 l + tx n , 

for some t > and we contradict Vu^fO) = 0. On the other hand if x* ■ e n is very 
large then S'i(uft) contains an ellipsoid E (centered at x*) of large volume and we 
contradict that Uh > similarly as in (|3.5I) . This proves that 

u/j G Pg (00, .., 00) for some p, universal. 

The inequality d n > ch 3 ^ 4 follows as in the proof of Proposition 13.81 (see also 
proof of Lemma 14. 2[) . In order to prove the upper bound on d n we remark that 
d n ~ x* h ■ e n ~ b u (h) where b u (h) represents the height of Sh(u) i.e. 

b u {h) '■— max x n . 
By the compactness of the class T>q we easily obtain that 

This implies that 



MVg) M1/2) 

rrr: = r 7T\ < 1 - ci, for all h < 1, 
with cx universal, hence b u (h) < C/i 5 which finishes our proof. 



□ 



Remark: The proof shows in fact that p, depends only on a and n since we can 
choose the constant c in W3 to depend only on n. Also the inequality b[u) < Ch 5 
implies that 

(4.2) u>cx n 1/s . 

Below we prove a similar lemma as above for functions u € T>q (1, .., 1, 00, .., 00). 
Before we state our lemma we introduce some notation. 

Notation. Fix 1 < k < n — 2. We denote points in R™ by 

x = (y,z,x n ) y :— (xi, ..x k ) G K fe , z := (x k +i, .., x n -i) G M n_1_ ' c . 
We say that a linear transformation T : R™ — > R™ is a sliding along y direction if 
= a; + v\Zi + . . . + v n -k-\Z n -k-\ 

with 

v\, .., ^n-fe-i G span{ei, .., efc}. 
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We see that T leaves the (z,x n ) components invariant together with the subspace 
(y, 0, 0). Clearly if T is a sliding along the y direction then so is T _1 and det T = 1. 

We will use the following linear algebra fact about transformations T as above. 

Assume E x i C M n_1 is an ellipsoid in x' — (y, z) variables (with center of mass 
at 0). Then there exists T a sliding along y- variable such that 

TE X > = E y x E z , 

with E y , E z two ellipsoids in the y respectively z variables. Here the ellipsoid E y is 
obtained by intersecting E with the y-subspace. Using John's lemma we conclude 
that if Vt' C R I1_1 is a bounded convex set (with center of mass at the origin), 
there exists T such that Til' is equivalent to a product of ellipsoids in the y and z 
variables i.e. 

E y x E z C Til' C C(n)E y x E z . 

Lemma 4.9. Assume Theorem \4-5\ holds for all I < k — 1, for some k with 1 < 
k < n — 2, and let 

U E Vq (1, 1, GO.., oo). 
k times 

For each h £ (0, 1], after a rotation (relabeling) of the y respectively z coordinates, 
there exist a sliding Th along the y variable, and a sliding Ah along x n = 0, and a 
diagonal matrix Dh 

D h = diag(d 1 ,d 2 ,..,d n ), with (^f[ d ^j d n= hn > 

such that the normalized solution 

u h (x) := -u{T h A h D h x) satisfies Ufe| Sl („ h ) € I>^(1, 1, oo.., oo). 

k times 

Moreover if x* h denotes the center of mass of Sh(u) then, 

cd n < x* h ■ e n < Cd n , ch 3/4 < d n < Ch 5 , 

and c < dih~z < C for i < k. 
The constants ft, c, C , 5 above depend on fj,, n, a and k. 

The lemma states that if u satisfies the hypothesis of Theorem 14.51 then we can 
normalize it in Sh (using also a sliding along y variable) such that the normalized 
solution satisfies essentially to same hypothesis as u. 

Proof. First we remark that if we use an affine deformation x —¥ T Ax with T sliding 
along y, A sliding along x n = 0, and let 

u{x) := u(TAx) 

then the intersection of the y-subspace (passing through the center of mass) with 
Sh(u) is left invariant. Precisely we have 

S' t (u) n {z = 0} = S t '(u)n{z = 0} foranyi>0. 

For each h we let T = Th and A = Ah such that Sh(u) has the center of mass x\ 
on the x n axis and 

S h {u) n {x„ = x* h ■ e n } 
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is equivalent to a product of ellipsoids E y xE z . After a rotation of the y respectively 
z coordinates we may assume that E y , E z have axes of lengths d\ < ... < dk 
respectively dk+i, • -, d n -\ parallel to the coordinate axes. From the boundary data 
of u we know that 

{(0,0,101 M < c/i 1/2 } c 

which implies 

d t > ch 1 / 2 for i = 1, .., k. 

We choose d n as before in terms of d±, . . . , d n -i so that it satisfies the above identity 
for D h . We let 

Uh = -u(D h x), 

and obtain 

u h >0, u h (0)=0, Vu h (0) = 0, det D 2 u h = x%, 

Uh — <p on dSi(uh), with tp = 1 on dS\ \ {G y }, and ip = ip(y) on G y , 
where 

G y :={(y, 0,0)| V(y)<l} 
and "0 is a nonnegative function in ?/ satisfying 

/^ _1 A/" a > i'yV' ^ /iA/^ A4 = diag(a 2 , .., a^), ai := dih~^ > c. 

Moreover, by construction, when we restrict to the n — 1 dimensional space passing 
through x* the center of mass of Si(uh) we have 

B[ C Si(uh) C C(n)B[ on the hyperplane {x„ = £* • e„}. 

The properties above imply that 

Uh G Pq (oi, .., afe, oo, .., oo) for some jl universal. 

Indeed, for this it suffices to prove that 

c < x* ■ e n < C, 

and this follows exactly as in the proof of Lemma 14.81 

Since Uh belongs to the class above, the bounds on d n follow in the same way as 
in Lemma T4. 81 

It remains to show that a^, 1 < i < k remain bounded above by a universal 
constant for all h. From our hypothesis and Remark 14 .71 we know that Proposition 
14.41 holds for all I with I < k — 1 . Using compactness as in Lemma 14.61 this implies 
that the property P(l) holds for all I < k — 1. Precisely, 

there exists Co := Co(M, /i, k, n, a) such that if 

v € Dq (oi, .., a„_i), with a; > Co, for some I < k, 
and some S [n, oo) U {oo}, then 

S' t (v)c{\(x h ..,x n ^)\ < jj}, 

for some t £ [c/c, 1] with Ck depending on the parameters above. 

Now we argue as in Lemma T3. 101 For i < k denote by di(h) and a,i(h) the quan- 
tities di and = dih^ 1 / 2 constructed above that correspond to the section Sh(u). 
Notice that cii(h) represent the lengths of the axes of a fc-dimensional ellipsoid (in 
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the y variable) which is equivalent to S' h (u) H {z = 0}. We show that for any ft we 
have ^ 

maxai(/i) > C =>■ max cii(th) < -maxOi(/i), 

for some t £ [c, 1], and with C universal. Since maxcti(l) is bounded above by a 
universal constant we easily obtain that max (ft) remains bounded above. 

Let Co and Cfc denote the constants in the property above for jl and M = 4:^/n, 
hence Co, c k are universal. Assume that ai{h) is the first a, (ft) greater than Co i.e. 

ai < • •• < a ; _i < C < ai < ■ ■ ■ < a k . 

Since Uh £ T)q (ai, .., a k , oo, .., oo), we have (see lj3.19|) ) 

S' t {uh) C {\(x 1} ..,xi-i)\ < Ci} x {K^, .., < ^-}, 

for some Ci(cfc) universal. Since 

{y\{y,0) £ S' th (u)} = diag(ai,..,a k ) {y\(y,0) £ S' t {u h )}, 

we obtain 

l-l k 

S' th {u) n {z = 0} C JJ{|xi| < da,;} x JJ{|^| < ^} x {z = 0}. 



M* 



For i < I — 1 we have 



^ ^ n n C maxo, 
Gia, < CiGo := — < 



M ~ M 1 
and we find 

S' th {u) n {z = 0} C {\y\ < - maxa^/i)} x {z = 0}, 

which gives 

maxai(tft) < — max (ft). 



5. POGORELOV TYPE ESTIMATES 



□ 



In this section we obtain two estimates of Pogorelov type that will be used in 
Section [6] for the proof of Theorem 14.51 They appeared also in [S2] where the 
obstacle problem for Monge- Ampere equation was investigated. 

Theorem 5.1. Assume u £ C 4 (0) n C(Q) is convex, u = on dCl, 

det D 2 u = f(x2, ■ ■ ■ , x n ) in SI, f > 0. 

Then 

ttii|u| < C(n, max \ux\). 

Remark: The constant C(n,maxn |mi|) does not depend on / or CI. 

Proof. We may assume that u £ C 4 (S!) since we apply the estimate to it + e and 
then let e — > 0. We write 

log det D 2 u = log / 
and differentiate with respect to X\ 

(5.1) u ij u Uj = 0, 
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where = [Z? 2 m] 1 and we use the index summation convention. Differentiating 
once more, we have 

(5.2) u l3 uiuj - u lk u° l u uj ui kl = 0. 
Suppose the maximum of 

(5.3) logun +log|u| + i|ui| 2 = M 

occurs at the origin. One can also assume that D 2 u(0) is diagonal since the the 
domain transformation (sliding along x\ variable) 

(5.4) u{xi,..,x n ) :=u{xi-a 2 X2- ..-a n x n ,X2,..,x n ), a t = — - 

Mn(0) 

does not affect the equation or the maximum in (|5 .3[) . Thus, at 

(5.5) 1 h muii = 

un u 

2 2 

(5.6) I- + uf i + ttitti« < 

We multiply (15.61) by u^ 1 and add 

Mini n ii? uiuiii 

h Mil S U. 



"11 W« UiiWll U UuU 2 



From (|5.5[) we obtain 



Ui um . 

— = , i T 1, 

u Un 



which together with (15. ip . (|5.2|) gives 

2 9 

+ 4+^11 <0, 

thus, 

and the result follows. 



□ 



The second estimate deals with curvature bounds for the level sets of solutions 
to certain Monge- Ampere equations. 

We assume the convex function u € C 4 (f2)nC(f2) is increasing in the e„ direction 
and 

(5.7) u = ax n on dQ, 

for some a > 0. We denote by v(xi,..,x n —i,s) the graph in the — e„ direction of 
the s level set, i.e 

u(xi,..,x n -i,—v(xt,..,x n -i,s)) = s. 

Clearly v is convex. 
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Theorem 5.2. Assume u satisfies (|5.7|) and 

it" det D 2 u = f(x2, ■-, x n -i, u ) inCl, 

for some a > 0. Then 



vn \u — ax n \ < C yn, a, a,m&xu n ,m&x\vi 

Remark: The constant C does not depend on / or fi. We also have the equality 

\u — ax n \ = \av + s\. 
First we write the equation for v. The normal map to the graph of u at 
X = (x 1 ,..,x n ,x n+1 ) = (xx,..,x n ,u(x)) 

is given by 

v = (i>i,.., v n +\) = (1 + |Vu| 2 ) _ 2 {-u x , ..,-Un, 1). 
The Gauss curvature of the graph of u at X equals 

K{X) = det A (uj{l + \Vu\ 2 )-^ 

= (1 + iVul 2 )-^ dctD 2 u 
= (^n+i)" +2 det D 2 u. 
The graph of u can be viewed as the graph of v in the — e n direction, thus 
K(X) = {-v n ) n+2 detD 2 v, 

which gives 

\ n+2 

det D 2 u = detD 2 v ' ''" 



>. v n+l 

Since 

-Vn J_ 1 

V s \V S \ 

we find 

< detZ) 2 u= |i; s |-("+ 2+Q ) dctD 2 u. 

By abuse of notation we relabel the s = x n+ i variable (i.e. the last coordinate 
of v) by x n we find that v satisfies 

dctD 2 v = f(x 2 ,x 3 ,..,x n -i,x n )\v n \ n+2+a , v n < 0, 

and it is defined in 

fl v := \v < — } , v = — on dfl v . 

I a ) a 

We denote by 

, x n 

w := v H . 

o~ 



thus w — on dfl v and in Cl v 

det D 2 w = f(x 2 ,..,x n ) ( - ir„ 
and also 

w n ) =u n >0, wi = vi, wu = vii. 



I \ n+2+a 



In order to prove Theorem 15.21 it suffices to prove the next estimate. 
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Lemma 5.3. Suppose that in the bounded set {w < 0} 

dot D 2 w = f(x 2) .., x n )(w 6 + (3) n+2+a , w^ + /3>0, 
where £ is some vector. Then 

wn\w\ < C (n,a, max \wi\, max — — — - 

' ' ~ V {w<0} {w<0} Wf: + (3 

Proof. Assume the maximum of 

(5.8) log tun + log M + |w 2 

occurs at the origin, where r\ > is a small constant depending only on max \ wi\, 
to be made precise later. 

Again we can assume that D 2 w(0) is diagonal. Indeed, using a sliding in the X\ 
direction as in (15.41) we find that the transformed function w satisfies 



det D 2 w = f(x 2 , .., x n )( Wi + /3) n+2+a , tS c -(£) = w £ {x), 

thus, the hypothesis and the conclusion remain invariant under this transformation. 
We write 

logdetL> 2 w = logf(x 2 , ..,x n ) +j\og(w^ + p), 

with 

7 := n + 2 + a. 
Taking derivatives in the e\ direction we find 

(5-9) =7 ^ 

Wu w 5 + p 

(5.10) ^ =7 Wn * - 7 - W? « 



WiiW^- Wi= + f3 (w% + (3) 



2 



On the other hand, from (|5.8|) we obtain at 



(5.11) 1 h rjwiWu = 0, 



/rirA Wl1 " ^lli , W H W t , 2 / n 

(5.12) ttl l + ryu;!^!^ + jyw^ < 0. 

We multiply (f5T2|) by lUy 1 and add, then use (|5TT0|) . (f579]> 



(5-13) —1^+7^-7^ 



J- 1 


^ +7 - 








WuWjj 








n wf 


w li w\ l 


+ 



y? + z? '(^ + /?) 2 ; 

Wit 

7^1 —5 + ^11 < 0- 



Since 7 > n we have 



(5-14) ]T 



' WuWjj (w£ + py- 



> 
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v ii n \ i w « / 



7 ^ — > 



">m 7 2 gjg w ig > 

w 2 i n(w 4 +/?) 2 7 (w ? +^) 2 - 



> 



w 



in 



"'T 



From d5HT| 



li 

t«j Win 



for i 7^ 1 



which together with (I5.14|) gives us in (|5.13[) 

/^,^\ 7 / w ii£ A w ?n n 

5.15 r + S+^H^ - 

From ((5TTT1) 

(5.16) + r/wiwi^ = i 



and also 



thus, 



Wn w 
Win Wl 



Wn w 



rjwiWn 



(5.17) <k<2^ + 2rfwfwf v 



We use (|5TT6|) . ([5~T7|) in (f57T5]) and obtain 



- 3 ^ + 77(1 - 2r]wl) Wll < 0. 



Multiplying by i»uid 2 we have 

- 2rjwf)(wwii) 2 + ( n — 7 + 7 — — - | wwn < 2>w\ 
\ w$ + P ) 

and the result follows if r\ is chosen such that 77 (rnaxtDj) < 1/4. 



6. Proof of Theorem 14.5 



□ 



We prove Theorem 14.51 by induction on k. The cases k = and the induction 
step k — 1 =>■ fc are quite similar. We start with fc = 0. 

Proposition 6.1. Theorem \4-.5\ holds for k — 0. Precisely if 

u 6 2?q (°°> ••' °°)' 

5»C { M<^}, ff i= ^-^ , 
/or some C depending on fj,, n and a. 
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Remark 6.2. In view of Lemma 14.81 we may assume, after relabeling /i, that all 
renormalized solutions Uh given in Lemma 14.81 are in the same class T>q (oo, .., oo). 



We prove Proposition 16.11 by studying the behavior of the tangent cone of u at 
the origin. 

The tangent cone T u of u at the origin is obtained by taking the supremum of 
all supporting planes of u at the origin. In other words the upper graph of T u 
is obtained by the intersection of all half-spaces that pass through the origin and 
contain the upper graph of u, therefore T u is lower semicontinuous. 

We define the n — 1 dimensional function "f u (x') as being the restriction of T u to 
x n = 1 i.e 

7u(x') := T u (x', 1). 
By construction the upper graph of j u is a closed set and 

x' 

u[x) > T u (x) = x n j u ( — ). 

Xn 

Since Vit(O) = we have 70 > and inf j u = 0. In the next lemma we obtain some 
useful properties of ~{ u . 



lu{x') > C \x'\ - Cq. 



Lemma 6.3. a) 

b)If 

Tu > C Q p' ■ {x 1 - x' ), 
for some unit vector p' € K™ _1 , \p'\ = 1 and some x' then 

Ju>p'- [x 1 - x'q) + Co. 
The constants cq, Cq above are universal constants. 
Proof, a) We compare u with 

w := cx' ■ p' + c\x'\ 2 + C(x n — /j,~ 1 x n ), 

with p' a unit vector. We choose c small such that w < 1 in C Bf, and C large 
such that det D 2 w > det D 2 u. We find u> w hence 

In > Iw = CQX' ■ p' ~ C X n , 

which proves part a). 

b) Assume that p' = e\ and let x' ■ e\ = q. Then 

x' 

u > x n j u ( — ) > Cq(xx - qx n ) + . 

Xn 

In the set O — f2 PI {x\ — qx n > — 1} we compare u with 

C C 
w := — (zi - qx„) + -^-(xi - qxn) 2 + 5(x\ + . . . + x 2 n ) + Sx n , 

where S is small, fixed, depending on fj,. Notice that if Co is sufficiently large we 
have det D 2 w > det D 2 u and w < u on dO. Indeed, on dO \ d£l we have 

x\ — qx n = —1 =>■ w < < u, 

and in the set dO n dQ, 

1 > u > Cq{x\ — qx n ) =^ w < 1. 
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From w(0) = and the inequalities above we obtain io<iioii <9f2. In conclusion 

lu>lw> -y {x\ -q)+5. 

□ 

Remark 6.4. From the proof we see that we only need the weaker assumption 

u > Cq(xi — qx n ) on dfl, 
in order to obtain the conclusion of part b). 

From part a) we see that x' Q £ R n_1 the point where j u achieves its infimum 
belongs to B' c . As a consequence of Lemma \6. 31 we obtain the following corollary 
about the section Si^u) C M n_1 . 

Corollary 6.5. There exist universal constants c* small, C* large, such that 

< C SM - x' a C B' Cm 

ScAlu) -x' c{l- c*)(5i(7 tt ) - x 'o)- 

Proof. We only need to show that j u cannot be too small near dSi(j u ). Assume 
by contradiction that 7u(j/o) ^ 1 f° r some Vo near dSi^u). Then we can find a 
plane of slope Co i.e. Cop' ■ (x' — x' ) < -fu(x') with x' € <9Si(7i) sufficiently close to 
y' Q . We apply part b) of Lemma 16.31 and obtain that 7„ is greater than a universal 
constant in a neighborhood of x' and we reach a contradiction. 

□ 

Next we apply the corollary above for the rescalings Uh of u defined in Lemma 
14.81 (see Remark l6.2p . For any h € (0, 1], we have 

Uh(x) — —u(Dhx), with u(x) = u(Ahx). 
Notice that ^ u is just a translation of 75. Since 

we divide by x n and obtain 



^u h {x) = -T & (D h x) 



d n (D' h x' 

lu h {x') = % 7fi {d^ 1 D 'h x ') witn D 'h = diag(di, ..,d„-i)- 
This implies that 

dn lD 'h S s{lu h ) = S sh/dn (ju). 

We apply Corollary 16.51 for the sections Si and S C[) of 7„ h and use also that 7 U 
is a translation for 75. We obtain the following inclusions for the sections St(7 u ), 
t := h/d n 

h 
d„ 

and 



(6.1) d- x D' h B' Cr c S t { Ju )-x' C d-'D^B'^, t=—, 



(6.2) S c , t (lu)-x' C (l-c*)(S t (7 u )-z' ). 
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From Lemma 14.81 we know that as h ranges from 1 to the parameter t = h/d n 
covers an interval [0, c]. The inclusion (|6.1|) says that the sections St("j u ) are balanced 
around the minimum point x 0l i.e. there exists an ellipsoid E such that 

coEcSM-x' cC E, E = d- 1 D h B[. 

A dilation of the ellipsoid E above is equivalent also to the normalized diameter 
S'(u). Indeed, from the definition of Dh 

(6.3) h-^D' h B[ C S' h {u) C G(n)h-^D' h B' x . 

The inclusions (|6.1|) . (|6 .3[) show the relation between the sections St(7u) and S' h (u). 
Property (16.21) implies that 

(6.4) lu (x') >c\x'-x' \ M mB' c (x ), 

for some M large universal. From the fact that the sections of -f u are balanced one 
can also prove that 7„ € C 1 ^ . Thus each small section St(j u ) contains a small 
ball of radius i 1 /( 1 +' 9 ) and it is contained in a ball of radius t x l M . However, these 
bounds are not sufficient for the proof of Proposition 16.11 

We remark that so far in the proof we only used that the Monge- Ampere measure 
of u is bounded by above and below by multiples of x™ . Below we use the estimates 
of Section 4 and the fact that the Monge- Ampere measure is precisely x", and 
conclude that "f u has quadratic growth near x' Q . Precisely we show the following. 

Lemma 6.6. There exists universal constants c\, C\ such that 

ci\x' -x \ 2 < lu {x') <C\\x' ~x' \ 2 in B' ci (x' ). 

This estimate for j u easily implies Proposition 16. II Indeed, the lemma gives 

t^B'cCS^-x^ct^B'c, 

which together with (|6.1j) implies that for all i < n, 

aft 2 < dih- 1 '* < Cdl/ 2 . 

Then 

( II ^ € +a = hn ch < d n n+1+a < Ch 

and Proposition 16. II follows from (|6.3I) . 

Below we prove Lemma l6.6l After performing a sliding along x n — of bounded 
norm, we may assume that x' a = 0. 

Step 1: In step 1 we use Theorem 15. ll in the set {u < cx n } to obtain 

(6.5) D 2 lu < CI in { lu < c}. 

In order to apply Theorem 15.11 for u we first need to bound |Vu| in the set 
{u < cx n } for some c small. To this aim we observe that the projection of f2 = Si (it) 
along e n into R™" 1 contains the ball B[^ Cg , with Co as in Lemma \6. 31 Otherwise 
we can find a direction, say x\ such that 

nc{ Xl < I/O,}, 

hence 

u > CqXi on dVt, 
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and by Lemma 16.31 (see Remark 16. 4p we find 

7u > x i + Co, 

and we contradict that 7 U (0) = (since x' Q = 0.) 

Since 51 C B^, contains a ball B^(x*), and its projection contains By Co and 
E dn, we see from its convexity that it must contain also B r (ge n ) for some small 
fixed universal constants g, r. Now we use u > 0, u(0) — and conclude that 
|Vit| < C in the convex set generated by and B r /2(ge n )- On the other hand 
by (|4.2[) and (|6.4[) we see that this convex set contains the set {u < cx n } if c is 
sufficiently small. 

Now let w :— u — cx n and notice that the rescalings 

w\(x) :— ^-w(Xx), dct D 2 w\ = c(X)xf l , 
A 

have the same gradient bound in {w\ < 0} and they converge uniformly on x n = 1 
to \j u — c|. By Theorem 15. II we find 

\w\\ dnw\ < C, 

hence 

\ju - c| dulu < C, 

which proves step 1. 

In the course of the proof we showed also that the segment [0, gx ) C Si(u) with 
x a := (x' , 1) = e„. We apply this for the rescaling Uh and obtain 

[0, gd n x ] c S h (u). 

Using the bounds on d n from Lemma T6. 31 we find (see also (14.21) ) 

(6.6) ct 1/s <u(tx' ,t)<Ct 4 ^. 
We can extend this inequality at points y' near x' a , 

(6.7) ct 1 ' 5 < u(ty', t) - tj u (y') < Ct 4 ^ 3 for all y' E B' c . 

Indeed, (|6.7|) follows by applying (|6 .6[) to the function u — p ■ x where p ■ x is the 
linear function which restricted to x n — 1 becomes tangent by below to 7„ at y'. 
From Step 1 we see that when \y'\ is small, the slope of I is also small and u — I 
(renormalized at its 1/2 section) belongs to a class 2?§(oo, oo). Therefore we can 
apply (|6.6p for u — I and obtain the desired inequality (|6 . T[) . 

Step 2: In step 2 we apply Theorem 15.21 for the Legendre transform of u and 
obtain 

£> 2 7« > cl in B' c . 
Let u* denote the Legendre transform of u, 

u*(£) :=sup(x-t;-u(x)). 

Since u is lower semicontinuous the supremum is always achieved at some point 
x e il. We are interested in the behavior of u*(£) for |£| < c small. From the 
boundary values of u we see that the maximum is realized either at or at some 
x E f2, and clearly u* > 0. We define K as the convex set 

K := {u* = 0}. 
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If £ £ K then the maximum is achieved at 0, and this happens if and only if 

<lu{x') for all x' «■ < -7^'), 
where 7* represents the Legendre transform of 7„. In conclusion 

* = tin < -7^(0}- 

From Step 1 and (|6.4[) we know that 

c\x'\ M < lu {x')<C\x'\ 2 mB' c 

hence 

(6.8) {£„ < C /i C {£„ < -c|ef } in B c . 
Since u is strictly convex in f2 we obtain that 

(6.9) u* £ C^Bc), 
and in the set {u* > 0} we have 

detz?v(o = (det DM^r 1 = *n a = «(or a , 

thus, u* solves the equation 

(6.10) «)" detD 2 M* = 1 in B c \ K. 

Also from (|6.7I) and the definition of Legendre transform we find 

"*(£)> c((£«+<(0) + ) 4 and |Vu*|<l inB c , 

which together with (|6.8[) implies that 

0:={u* <r){£ n + r))}cB Cl , 

with 77 and c\ sufficiently small universal constants. Moreover, in O, the Lipschitz 
norms of the level sets of u* (viewed as graphs in the — e n direction) are bounded 
by a universal constant. 

Next we apply Theorem 15.21 for u* in O and obtain universal bounds for the 
second derivatives of the level sets of u* in a fixed neighborhood of the origin. 
Writing this for K, the level set, we obtain the desired result of Step 2 since, in 
a neighborhood of £ K™ -1 , 

D 2 1* U <CI => £> 2 7„ > cl. 

We cannot apply directly Theorem 15.21 since u* is not strictly increasing in the 
e ra direction. However we show below using approximations that the theorem still 
applies in our case i.e. for functions u* that satisfy (|6.9j) . (|6.10[) . Formally, we write 
that u* solves the equation in B c with right hand side f(u*) with / = X(o,oo), an d 
then apply Theorem 15.21 



mux {u . : { l + e„ + -|e| 2 



Approximation. Define 



and we remark that in B Cl , v E > 0, it is strictly increasing in the e n direction, 
|Vu e | < 1 and its level sets have Lipschitz norm bounded by a universal constant. 
In the set {v e > u*} n B' c we have 

(d n v £ ) a detD 2 v e = e n+a , 
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hence 

(d n v E ) a det D 2 v £ > f e (v e ) in B Cl , 
in viscosity sense, with f £ a nondecreasing function satisfying 

/(s) = e n+a if s < e 1 / 2 , f(s) = 1 if s > 2c 1 / 2 . 
We define v £ as the viscosity solution to 

(d n v £ ) a det D 2 v £ = f £ (v £ ) in O e := {v £ < n(£ n + rj)}, 
v £ = v £ on dO £ . 

The existence of u e follows by Perron's method and since v £ is a subsolution, we 
have v £ > v £ . This implies that v £ is strictly increasing in the e„ direction and, 
|Vw e | and the Lipschitz norm of the level sets of v £ are bounded by a universal 
constant. Therefore we can apply Theorem 15.21 for v £ in £ and obtain the uniform 
second derivative bounds for its level sets around the origin. 

It remains to show that v £ converges to u*. Assume that a subsequence of v £ 
converge to Vq. Then vq is defined in O, % = u* on DO, and by construction 

We prove that also vq < u* . Assume by contradiction that the maximum of 
vq — u* is positive and occurs at a point £o ■ From the convergence of v £ to vq we 
obtain 

(d n v ) a det D 2 v = 1 in the set {v > 0} n O, 

and the equation is satisfied in the classical sense. We find 

£ gK>0} c{«o>0}, 

since in {u* > 0} both u* and vq solve the same equation. On the other hand if 
Co e {u* = 0} then (see ((121)) we obtain Vw (£o) = thus 

vo > uo(Co) > 0, 
and we reach again a contradiction. 

□ 

Next we prove the induction step for Theorem 14.51 

Proposition 6.7. Assume Theorem \4-5\ holds for all I < k — 1 for some k with 
1 < k < n — 2. TTien Theorem \4-5\ holds also for k. 

We recall the notation of Section 3 that we denote points in R ra by 

x = (y,z,x n ) y= (xi,..,xh) S M fe z = (x fe+ i , .., x„_i) e M" _1_fc . 

The proof of Proposition 16.71 is very similar to the proof of Proposition 16.11 in 
most statements we just have to replace x' by z. We provide the details below. 

Remark: In view of Lemma l4.9l we may assume, after relabeling /z, that all renor- 
malized solutions Uh given in Lemma 1431 are in the same class T>q (1, .., 1, oo, oo). 

Let r„ denote the tangent cone of u at the origin. Any supporting plane for u 
at the origin has slope in the y direction, hence r u does not depend on the y 
variable. 

We define the n — k — 1 dimensional function 7 u (z) as being the restriction of 
Y u to x n = 1 i.c 

j u (z) := T u (y,z,l). 



34 



OVIDIU SAVIN 



By construction the upper graph of j u is a closed set and 

u{x) > T u (x) = x„7„( — ). 

Xn 

Since Vu(0) = we have 70 > and inf 7„ = 0. In the next lemma we obtain some 
useful properties of 7„. 

Lemma 6.8. a) 

lu{z) > co\z\ - C - 

b)If 

In > C p z ■ (z - Zo), 

for some unit vector p z e M™ _fe_1 , \p z \ = 1 and some z then 

lu>Pz- (Z- Z )+C . 

The constants c , Co above are universal constants. 

Proof, a) We compare u with 

w := cz ■ p z + c\z\ 2 + ip u (y) + C(x 2 n - p~ 1 x n ), 

with p z a unit vector, and tp u denoting the boundary data of u on dft (~l {(y, 0, 0)}. 

Notice that w = uon the intersection of <9f2 with the y axis. We choose c small 
such that w < 1 in ft C and C large such that det£> 2 w > det D 2 u. By 

maximum principle, u> w, hence 

7^ 2^ 'Yw — ez • p z Cx n , 

which proves part a). 

b) Assume that p z points in the z\ direction and let z ■ p z = q. Then 

z' 

u > x n y a ( — ) > C (zi - qx n ) + . 

Xn 

In the set O = ft n {z\ — qx n > —1} we compare u with 

w := -£{zi - qx n ) + -£-(zi- qx n ) 2 + 5{\x\ 2 - z\) + 5x n , 
Z 8 

where 5 is small, fixed, depending on p. 

Notice that if Co is sufficiently large we have det D 2 w > det D 2 u and u < w on 
dO. Indeed, on dO \ dfl we have 

z\ — qx n = —1 => w < < u, 

and on DO fl <9f2 

1 > u > C (zi — qx n ) => w < 1. 
From the inequalities above and 

w(y,0,0) <S\y\ 2 <«(»,0,0) 
we obtain «)<iion dO. In conclusion 

C 

7u > lw > -y^i -?) + ^ 

□ 
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Remark 6.9. In part a) we showed that 

(6.11) u(x) >i> u {y) + c\z\- Cx n . 
Also we only need the weaker assumption 

u > Co( z i ~ qxn) on dQ, 
in order to obtain the conclusion of part b). 

Part a) shows that the point z g R"~ fe -i where j u achieves its infimum belongs 
to Bq. As a consequence of Lemma [6781 we obtain as before the following inclusions 

Bl c Si(7«)-*oCB£. 

ScAlu) - z C (1 - c»)(5i(7u) - z ). 

for universal constants small, C* large. 

Next we write these inclusions for the rescalings Uh of u defined in Lemma 
(see Remark 16.21) . Recall from Lemma |4~91 that for any h € (0, 1], we have 

u h (x) = -u(D h x), with u(x) = u(T h A h x). 
h 

Notice that 7 U is just a translation of 7a . Since 

we divide by x n and obtain as before 

lu h {z) = ^ 7«(^,T 1 D l z ) witri D h = diag(d k+ i,..,d„-i). 
This implies that 

d n lD h S s {lu h ) = S Bh/dn (<ya). 
We obtain the following inclusions for the sections of j u , 

(6.12) d- l D%Bl c S t ( 7u )-z C d?D> h B* c ^ 
and 



Sc,t(7u) — 2o C (1 - c*) (Stfru) — z ) ■ 

From Lemma 14.91 we know that as h ranges from 1 to the parameter t = h/d n 
covers an interval [0,c]. The inclusions above show that the sections St(^ u ) are 
balanced around the minimum point x a , and 

(6.13) lu{z)>c\z-z \ M in B z c (z ), 



for some M large universal. We also recall from Lemma 14.91 that, from the con- 
struction of Dh, 

(6.14) S' h {u) C R k xh-^DlB^. 

It remains to show that 7« grows quadratically near its minimum point. 
Lemma 6.10. There exists universal constants c\, C\ such that 
ci\z - z a \ 2 < ju(x') <Ci\z- z \ 2 in B z Ci (z ). 
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This lemma implies Proposition 16 . 71 as before. Indeed, the lemma gives 

which together with (|6. 12[) implies that 

cd]l 2 < d^- 1 ' 2 < Cd]l 2 for k < i < n. 
By Lemma 14.91 we also know 

c < < C for i < k. 

Then 

(6.15) d 2 j d 2 + a = h n => ch< d n n+1 - k+a < Ch, 
and Proposition 16.71 follows from (|6.14j) . 

Below we prove Lemma [6.10l After performing a sliding along x n — of bounded 
norm, we may assume that z D = 0. 

Step 1: We use Theorem 15. II in the set {u < cx n } to obtain 

(6.16) D 2 lu < CI in { 7n < c}. 

We first need to bound |Vu| in the set {u < cx n } for some c small. To this aim 
we observe that the orthogonal projection of 17 = S\(u) into the z-axis contains the 
ball By Ca , with Co as in Lemma 16.81 Otherwise we can find a direction, say z\ 
such that 

n c {zi < i/Co}, 

hence 

u > CqZi on dil, 
and by Lemma 16.81 (see Remark I6.9[) we find 

lu > Zl + C , 

and we contradict that 7„(0) = (since z Q — 0.) 

Notice that fi C Bq contains a ball B^(x*), the projection of fi into the z 
coordinates contains By Co and also 

G:={(y,0,0)\\y\<c}cdQ. 

Since fl is convex, it must contain also B r (ge n ) for some small fixed universal 
constants g, r. Now we use that at each point in G the function u has a supporting 
plane of bounded slope, and conclude that |Vu| < C in the convex set generated 
by G and B r /2{ge n ). This convex set contains {u < cx n } if c is sufficiently small, 
since by (|4~2|) . ([6Tll and (|6~T3)) we obtain 

{u < 5x n } c {x n < c(5)} n {|z| < c(5)x n } n {4> u < c(6)}, 

for some constant c(5) — > as 6 — > 0. Now let w := u — cx n and notice that the 
rescalings w\ defined in ... have uniform gradient bound in {w\ < 0} and they 
converge uniformly on x n — 1 to \T U — c\. Step 1 follows by applying Theorem 15. II 
to w\ as before. 
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Above we showed also that the segment [0, gZ ] c Si (it) with Z := (0, z , 1) = 
e n . We apply this for the rescaling ut and obtain 

[0, gd n Z ] C S h (u). 

Using the bounds on d n from Lemma T4. 91 we find (see also (|4.2[) ) 

(6.17) ct 1/& < u(0, te„, t) < C*i 4/3 . 
We can extend this inequality at points z near z oy 

(6.18) ci 1/5 < u(0,tz,i) - tj u (z) < Ct 4/3 forallze.B*. 

Indeed, (16. 18)) follows by applying (I6.17|) to the function u — I — u — p z ■ z — p n x n 
where p z ■ z + p n is the linear function tangent by below to 7„ at some point . 
From Step 1 we see that when \z*\ is small, \p z \, \p n \ are also small and u — I 
(renormalized at its 1/2 section) belongs to a class 2?§(1, .., 1, oo, .., oo). Therefore 
we can apply (|6.17p for u — I and obtain the desired inequality (|6.18[) for . 

Step 2: In step 2 we apply Theorem 15.21 for the Legendre transform of u and 
obtain 

L> 2 7u > cl in B z c . 
As before let u* denote the Legendre transform of u, 

u*(£) := sup (x ■ ^ — u(x)) . 

Writing £ = (£ y ,(i z ,€ n ) we have 

u*(£) > sup _(y • 4 - u(y, 0, 0)) = 
(i/,o,o)en 

where "0* is the Legendre transform of the boundary data tp u {y) of u (on the y 
subspace). If \£\ is small then the maximum in u*(£) is realized either in 57 or at 
some point (y, 0,0) with \y\ small and in the second case we have u* = ip*. Since 
u is strictly convex in f2 we find that 

u*eC\B c ) and (<) a detL>V = l in {u* > rp*}. 

In other words u* is the solution to an obstacle problem in which the obstacle 
ip* is quadratic and depends only on the £ y variable. 
We define K as the convex set 

k := K = 0} = u, = 0} n u„ < -tS(6)} 

where 7* denotes the Legendre transform of j u . Below we bound the curvatures of 
the level sets of u* in the z direction in a neighborhood of the origin. Then Step 2 
follows by applying these bounds for the level set above. 
From Step 1 and f|6 . 1 3[) we know that 

c\z\ M < lu {z) <C\z\ 2 inB z c 

hence 

tin < ~C\£ Z \^} CKC {£„ < -c|^| 2 } in {a y = 0} n B c , 
Also from (|6 . 1 8|) and the definition of Legendre transform we find 

u*(0 >c((C„+7;fe)) + ) 4 inS c , 

which together with 

u*(0 > pj£ y ) > c|^| 2 , 
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implies that 

O := K < r)(£ n +f])} C B C1 , 

with 77 and c\ sufficiently small universal constants. 

We also claim that in B c , \Vu*\ and the Lipschitz norms in the z direction of the 
level sets of u* (viewed as graphs in the — e„ direction) are bounded by a universal 
constant. Indeed, let £ e B c and let Vu*(£) = x = (y, z, x n ) € CI. We need to show 
that \z\ < Cx n . We increase the tangent plane of u at the point x (which has slope 
£) till it touches the boundary data of u for the first time at some point (j/o,0,0). 
Clearly £ y coincides with the derivative of ip u at yo- We have 

u(x) <Vf(lto)+f -(aJ-(tt),0,0)) 

and by (|6TTj) 

w(a;) > V'uCy) + c VA - Cx n . 

The inequalities above imply that \z\ < Cx n if |£| is sufficiently small. 

Since u* is not strictly increasing in the e„ direction, we apply Theorem 15.21 
using approximations as before. Formally, u* satisfies the hypotheses of Theorem 
15.21 with right hand side f(u* — ip^) with / = X(o,oo)- The right hand side does not 
depend on the z variable, thus we can bound the second derivatives of the level sets 
of u* in the z direction. 



Approximation. Define 

u e = max|u*, + e (\ + + i|£| 2 

and we remark that in B Cl , v E is strictly increasing in the e n direction, |Vu E | < C, 
and its level sets have Lipschitz norm in the z direction bounded by a universal 
constant. In the set {v e > u*} f] B Cl we have 

(d n v e ) a detD 2 v e > e n+a , 

hence 

(d n v e ) a det D 2 v e > f e (v s - tfc) in B Cl , 
in viscosity sense, with f s a nondecreasing function satisfying 

f{s) = e n+a if s < £^2^ /( s ) = l if s >2e 1 /2. 
We define v e as the viscosity solution to 

(d n v £ ) a det D 2 v £ = f e {% - O in := {v e < r?(C„ + 7?)}, 

u e = i? E on 90 £ . 

We apply Theorem 15.21 for v e in O s and obtain the uniform second derivative 
bounds in the z direction for its level sets around the origin. As before we find that 
v e converges to u* as e —> 0. Thus the conclusion holds also for u*, and the proof 
of Proposition ^. 71 is finished. 

□ 
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7. Proof of Theorem 12.41 

Assume the hypotheses of Theorem 12.41 are satisfied. By Theorem 12.11 we may 
also assume after performing an affine transformation that the solution u satisfies 

(7.1) c (\x'\ 2 + x 2 + a ) < u(x) < C Q (\x'\ 2 + xl+ a ) 

for all \x\ < c(p, p'). Since in our case fj, = 1, the constants cq, Cq depend only on 
a and n. 

The rescalings Uh for small h, 

(7.2) u h (x) := ~u (h^x 1 , h^x,}j , 

satisfy inequality (|7.1|) as well, and therefore belong to a compact family. Pre- 
cisely, given a sequence u m of functions as above, and h m — > 0, we can extract a 
subsequence it™ that converges uniformly on compact sets to a global solution uo 
defined in K™ , that satisfies (I7.1[) and 

(1 - e )x° < det D 2 u < (1 + e )x°, 

It'I 2 \x'\ 2 
(l-e )^<u Q (x',0)<(l + e ) 1 -^-. 

By compactness, the proof of Theorem 12.41 follows from the following Liouville 
type theorem. 

Proposition 7.1. Let u £ C(M") be a convex function that satisfies the growth 
condition 

(7.3) c (|*'| 2 + x 2 n +a ) < u{x) < C (\x'\ 2 + <), 
with Co, Co the constants of Theorem \2.1\ (see Remark \2.2\) and 

(7.4) detL» 2 u = <, u(x',0) = - |x'| 2 - 
TTien 

1 t 2+q 



(l + a)(2 + a)' 

In the case a = the conclusion is slightly different and u must be a quadratic 
polynomial. The proof follows from the Pogorelov estimate in half space (see [SI]). 
When a > the situation is more delicate and we will make use of Theorem 12.11 

We define K as the set of functions u £ C(l^) that satisfy (fOj) . ffT74|) . We want 
to show that JC consists only of Uq. 

Clearly K, is a compact family under uniform convergence on compact sets. Also 
for any h > 0, 

u £ JC => Uh(x) := — u (ji^x' , h^+^Xn^J £ K,. 

If u £ IC and 

x Q £ {x n = 0} 

is a point on the boundary then, after subtracting its tangent plane at xq and 
performing an appropriate sliding A Xo , we can normalize u at xq such that it belongs 
to K,. Precisely, there exists A XQ sliding along x n — such that u Xo £ K, where 

u Xo (x) := u(xq + A Xo x) - u(x ) - Vu{x ) ■ A XQ x. 
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This statement follows from Theorem 12.11 If xq is sufficiently close to the origin 
then the tangent plane of u at xo has bounded slope. Indeed, the upper bound for 
Un(xo) is obtained from (|7.3[) by convexity while for the lower bound we compare 
u in Si (u) with an explicit barrier of the type 

--x + x ■ x + -\x - xq\ +c (x n -Mx n ), 

with c small and M large appropriate constants. 

We can apply Theorem 12.11 at the point xq in the section Si(xq) of u and find 
that u xo defined above satisfies (|7.3I) in a fixed neighborhood around the origin. In 
the general case we apply this argument for Uh with h — > oo and obtain that u Xo 
satisfies (|7.3[) in whole M™ . 

Below we provide the proof of Proposition 17. II in several steps. The main ingre- 
dients are the compactness of the class K, under the rescalings and normalizations 
given above, the fact that for i < n, uu are subsolutions for the linearized operator 
and also that 



solves an elliptic equation. 

Step 1: We show that if u e K. then D^u < I. 

Given any y G K™ we consider the section Sh(yo) 01 u that becomes tangent to 
x n = at some point xq. After normalizing u at xq and then after an appropriate 
rescaling, we may assume that Sh(yo) — {u < x n }. Notice that the tangential 
second derivatives D^.,u are left invariant by these transformations. Hence, by 
interior regularity, ua < C for i < n. Assume we have a sequence of functions 
u m G K, and points y m (normalized as above) for which dnu m (y m ) tends to the 
supremum value swp ueK dau. Then we may assume that u m — > u G /C, and dau 
achieves an interior maximum at the point y = min(u — x n ). The function duu is a 
subsolution for the linearized operator, thus duu is constant in W 1 . The boundary 
data of u on x n — shows that this constant must be 1, and this proves Step 1. 

Step 2: We show that if u G K. then 

ip(x') := u n (x' ,0) is concave, tp < and ||V?Ml c3 ^ (R „_ 1) < C. 

Formally, by Step 1 we have uu n < on x n — hence ip = u n is concave. We 
prove this rigourously below. Let xq — (x' , h 2 + a ) be the point where the section 
St at the origin (for some t) becomes tangent to x n = h^+^ . From (|7.3p we have 

ch<t<Ch, \x' \ < Ct? < Chh . 
We use Step 1 and V x iu(xq) = and obtain 

u(x', h^) < Ch + -\x' - x' \ 2 <Ch + C\x'\hi + u(x', 0). 

We let h — > and obtain u n {x' , 0) < 0. 

If | a;' | < 1 then as above, we use an explicit barrier for u and easily obtain also 
a lower bound > u„(x',0) > — C. We apply this for the rescaling Uh (see (|7.2p ) 
and find 

> d n u h (x',0) = h^^Unih^x^O) > -C if \x'\ < 1, 
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hence 

> u n (x', 0) > -C|a;'| 1+ ^ for all x'. 
We apply this last inequality for u Xo , the normalization of u at xo € {x n = 0}, 
u Xo (x) = u(x + A Xo x) - u(x Q ) - Vu(io) • A Xo x, 

with 

A-xqX X T Xo X ni T X(j • e n 0. 

We find 

> d n u Xo {x',0) = u n (x a + x',0) - u n (x ) - x' ■ t Xo > -C\x'\ 1+ ^ , 

where in the equality above we made use of V x >u(x',0) — x 1 . This proves Step 2 
and we remark that the inequality above shows that the components of the vector 
t Xq in the sliding A Xg are given by u n i(xo), i < n. 

Step 3. We show that if v is a convex function in that satisfies det D 2 v — x", 
then 

w := V n /x n +a 

satisfies in the set {w > 0} a linear elliptic equation of the type 

Lw :— a l ^(x)wij + b l {x)wi = 0, with (a,j (x))ij > 0. 

It suffices to show that 

w = log-it) = log v — (1 + a) logx ni 

satisfies a linear elliptic equation as above. We have 

v ni 1 + a ■ 

Wi = s n 

_ Vni]_ _ VniVnj 1 + a H a 

W ' L 3 ~ „ „2 + x 2 °n°n- 

Un u n x n 

Differentiating the equation logdetD 2 u = a\ogx n along x n direction 

ij 

V Vnij — ) 
Xn 

hence 



a v nn . 1 + a „„ w n 1 , 1 + a 

Wij = - 

We have 



(7 .5) yii w .. = _Jf_ - ^ + t^± V nn = _^ _ _L_ + ±2^„»n 

XnVn V n X n V n X n V n X n 



v nn v 

u u nn 



i^n i^n 

hence 



for some functions g % . Then 



1 + a 1 1 + a 1 • 
v nn = g Wi 

Xn Vn X n V n n Vn 



Vnn 
1 

= w n - g l Wi 



-g Wi 
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which together with (|7.5|) proves step 3. 

As a consequence we obtain that if v £ C(M" ) is a convex function that satisfies 
(7.6) detD 2 v = xZ, v(x\Q)= l -\x'\\ 

and w = v n /x]^ a achieves a positive maximum at an interior point then w is 
constant. This implies that v = Uq with Uq as in Proposition I7.f I and therefore 

w = -A—. 

l-\-a 

Assume that v satisfies (|7.6j) . and for some direction £ = (£', 1) and constant to, 
the function 

V£ + m 



has a positive interior maximum. 



Then w = tt— • Indeed, the function 

l+a 1 

satisfies (|7.6|) and the conclusion follows as above since 



» ; = {V' + £'Vn,Vn)- 



Step 4- We use the result above and show that 

r- V Un 1 



X n +a ~ l + a 

Let x* be a point in K™ where u„(x*) > 0, and let Xq be the point where the 
first section of u at x* becomes tangent to x n = 0. As in Step 1 we normalize u at 
Xq and then rescale 

v(y) ■= ~u Xo (F h y) = ~ [u(a; Q + A XQ F h y) - u(x ) ~ Vu(x ) ■ A Xo F h y] , 

with 

FhV ■■= (h*y',h^y n ), A Xo x = x - r xo x n , t Xo = (r 1 , r"" 1 , 0). 

We know that v £ K, and we denote by y* the corresponding coordinates for x* 
in the y coordinate, 

x = + A Xo F h y x* = x + A Xo y*. 

We choose /i above such that y* is the center of the section {v < y n }, i.e. the point 
where v — y n achieves its minimum. We have 

hVv = VuA X0 F h - Wu(x ) A Xo F h , 

and we obtain 

(7.7) Un = u n (x ) + h^v n + hir l v t 

where u n is evaluated at x and v n , Vi are evaluated at y. 

Since u n (x*) > and |Vi>(y*)| < C\ for some constant C\ depending only on a 
and n we find 

(7.8) 0<u n (x Q )+C 1 (h^ +^| Txo |). 
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On the other hand by Step 2 we know that u n < on x n = 0. Thus if we write 
(O) at 



y = (y',0), with ^' = 2(7!^, 
and use V y 'w(y) = j/' together with (|7.8j) we obtain 

> -Ci (ft#f |t* |) -C 2 ^ + 2C 1 / 1 *|t x J 
for some Ci large depending on C\. This and (|7.8|) show that 

\r Xo \hi < C 3 h^ , u„(x ) > -C 3 /i^, 

for some C 3 depending only on n and a. We use these inequalities in (|7.7[) and 
obtain 

/ 7q ^ m + ^(y) 

for some vector £ and constant m satisfying 

£ = (£',!), |£'I<C 3 , and -C 3 <m<0. 

The right hand side of ()T.9[) is bounded by a universal constant at y* which 
implies that u n /x n +a is bounded at x*. Since x* is arbitrary we obtain an upper 
bound for this function. Moreover, if we take a sequence of points which approach 
its supremum then the corresponding functions v (and m, £) converge up to a 
subsequence to a limiting solution v <E K. (respectively m, £) for which 

m + vf 

— 1 . achieves its maximum at the center of {v < y n \- 
By Step 3 we obtain that this maximum value is 1/(1 + a). 
Step 5. We show that if u £ K, then u = Uq. 

Indeed, we integrate in the x n direction the inequality in Step 4 and obtain 
u < Uq. Assume by contradiction that u does not coincide with Uq hence, by 
strong maximum principle, u < Uq in R™ . Let 

2 (2 + a)(l + a) 

and notice that det D 2 V = det D 2 u, and 

V>U >u on {x n = 0}U({\x'\=C 1 }n{0<x n <l}) 
and if e is sufficiently small 

V > U - C 2 e > u on {\x'\ < d} n {x n = 1}, 
where C\, C2 are constants depending on a and n. By maximum principle 

V > u in B' Cl x [0, 1] 
and we contradict Vu(0) = which follows from (|7.3p . 

□ 
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8. Consequences of Theorem 12.41 

In this section we use Theorem 12.41 and prove Theorems 12.61 ll.3[ 11.21 First we 
show that if the hypotheses of Theorem 12. II or Theorem 12 .41 are satisfied at a point 
then they hold also in a neighborhood of that point. 

Lemma 8.1. Assume the hypotheses HI, H2, H3, H4 of the localization Theorem 
\2.1\ are satisfied and, in addition, dfl admits an interior tangent ball of radius p at 
all points on dQ l~l B p and 

u(x) = ip(x') on dfl n B p , yT x I > D 2 x ,ip > pi. 

Then the hypotheses of the localization theorem hold at all points xq € d£l D B c , for 
some c = c(p,p') small. 

Proof. We only have to check that on dil, u separates quadratically away from the 
tangent plane at xq, hence we need to show that |Vm(xo)| is sufficiently small when 
|a;o| is close to the origin. By Theorem 12.11 there exists a sliding A, \A\ < C\(p,p') 
such that for h < c\(p,p') small, the rescaled function 

(8.1) u h (y) := \u{AF h y) F h y := (fcfy, h*&y n ), x = AF h y, 
h 

satisfies in S\{uh) 

u h {y) = y h {y') on dfl h = (AFf l )~ 1 dQ, |/ < D 2 y , Vh < 2fil, 

co(\y'\ 2 + yl +a ) <u h < C (\yf + y 2 n +a ), det D 2 u h < 2y a n . 
where the last inequality follows from the fact that u satisfies the same inequality 
in Q n Bp. Now, if yo G dflh with \yo\ < c small we can bound |Vitft(i/o)| a s in 
Section [3 by using a lower barrier of the type 

MVO) +e-z' + C\z'\ 2 + C l - n {z 2 n - MZn), 

where z denote the coordinates in a coordinate system centered at yo and with the 
z n axis pointing towards the inner normal to dtt. 
In conclusion 

\Vu h (Vo)\<C |V«(s )| < C x k£%, x = AF h y , 

and by choosing h — C2{p, p') small, we obtain the desired conclusion. 

□ 

From the proof above we see that if in Lemma [8.1 1 we have dCl, ip € C 2 in B p 
and 

det D 2 u = gd$ n , 

for some function g > that is continuous on Oft D B p , then Theorem 12.41 applies 
at all points on dQ l~l B c with c = c{p, p') small. In particular we obtain that u is 
pointwise C 2 at all these points, and using the arguments above it can be shown 
that D 2 u is continuous on dil n B c . 

Next we extend our estimates from d£l to a small neighborhood of dfl and prove 
Theorem [231 

Proof of Theorem \2.6\ 

In this proof we denote by c, C various constants (that may change from line to 
line) which depend on n, a, p, p' , j3 and the C 2 modulus of continuity of <p and dVt. 
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Assume for simplicity that D 2 (p(0) = I and <?(0) = 1. We apply Theorem 12.41 
and obtain that there exists a sliding A, with \A\ < C(p,p'), such that for any 
i] > 

(8.2) (1 - r,)A S h (U ) C S h {u) c (1 + rj)A S h (U Q ), 

for all h < c(rj). Let t be the minimum value of u— h 2 + a x n and x t the point where 
is achieved thus 

S t (x t ) — {u < h^x n }. 

Next we show that 

(8.3) \\D 2 u\\ cHStMxt)) <Ch-%, sup \\D 2 u-D 2 u(0)\\ <C V . 

S t /i(xt) 

From (|8.2[) we see that f ~ h and also 

S t /2(x t ) cC:={|x'| <C\x n \}. 

In the cone C, dgn/x n is a positive function with bounded Lipschitz norm, hence 
for all t small 

det D 2 u = gx" in S t/2 (x t ) 
with <?(0) = 1, ILgllc 3 < C 1 - We let Uh be the rescaled function given in (|8.1[) and 
let xt — AFhyt and notice that 

AF h S t/ (2h){yt) = S t / 2 (x t ), St/h{yt) = {uh < y n } 

where S t (y) denote the sections for u^. 
We have 

det D 2 u h = g h x" in S t /( 2 h){yt), 

with 

g h {y) = g{AF h y) => \\g h \\ c , < Ch& , g h (0) = 0. 
From (|8.2|) we have 

I"/! - < in S t /(2h){Vt) 
hence, by the interior C 2 '" estimates for Monge-Ampere equation, we obtain 
\\D 2 u h \\ c , < C, \\D 2 x ,u h - I\\ < C V in S mh) (y t ). 

We write these inequalities in terms of D 2 u and we obtain (|8.3[) . We apply the same 
argument at other boundary points instead of the origin, thus we may assume that 
(I8.3[) holds uniformly for all points x* G d£l H B$ and their corresponding interior 
sections St' (x^, ) which become tangent to dfl at x* . 

Let y* G dflh (1 S c (uh), thus \Wuh(y*)\ is small if c is small. This implies that 
the section 

St>/h(y* t >) ■■= {uh < u h ( y *) + (Vu h (y*) +v v *)-{y- y*)}, 

with v y * the inner normal to d£lh, is a perturbation of the section {uh < y n }- We 
obtain 

Sf/(ih){y*t>) n s t /(4h)(yt) ^ 0, 

and the corresponding sections for u satisfy 

St V4 04)nS t /4(x t ) ^0, 

if i*effln S ch . This and (O) imply 

\\D 2 u(x*) - D 2 u{0)\\ <Cr), 
which together with (|8.3[) shows that it G C 2 (dft PI -Ba) for some small (5. 
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□ 

Remark 8.2. From the proof above we see that if g has a modulus of continuity 
only on 90, i.e. 

(8.4) \g(x) -g(x )\ < C\x-x a f for all x G 0, x a € 90, 

then for u G C 1,7 (0 H B$) for any 7 < 1, and with 8 small depending also on 7. 

Indeed, instead of the interior C 2,/3 estimates we may apply the interior C 1 ' 7 
estimates since g~h has small oscillation in S t /(2h){yt). We obtain 

IIVuftUcT < C in S t /(ih)(yt), \Vv>h\<C in Si{u h ), 
which rescaled back implies 

\\Vu\\c-r(s t/i (x t )) ^Ch 1 ^, su P |Vm- Vu(0)| <hi, 

s h 

and the claim easily follows. 

As a consequence of Theorem 12.61 we obtain Theorem 11.31 

Proof of Theorem \1.S\ 

After multiplying by an appropriate constant we may suppose maxn \u\ = 1. 
Since 90 is uniformly convex, we can use explicit barriers at points on 90 and 
obtain \u\ < Colon with C a constant depending on n and the lower bounds for the 
curvatures of 90. Also by convexity we find |u| > coign. 

These inequalities on |u| imply that if xq 6 d£l then c < |Vu(a;o)| < C, hence on 
30 the function u separates quadratically from its tangent plane at x$. We apply 
Proposition 13.51 and obtain that u is pointwise C 1 ' 1 / 3 at all points on 90, i.e. 

< u(x) — Vu(io) • (x — xq) < C\x — xo| 3 for all x £ 0, xo € 90. 

This implies V11 € C 1 ^ 3 (90), which toghether with the inequality above gives that 

g := \u\/dgn 

has a uniform C 1 / 3 modulus of continuity on 90, i.e. (|8.4p holds with f3 = 1/3. 
By Remark 18.21 above we find u g C 1,7 (0) which implies that g g C 7 (0), and the 
conclusion follows by Theorem 12.61 

□ 

Before we prove Theorem 11.21 we obtain a simple consequence of Thorem 14.51 
We recall the notation used in Section 2] 

b(h) := maxi n . 

Lemma 8.3. For any e > small, there exist constants c small, K large depending 
on fi, n, a and e such that if 

u € T>q (ai, a n -i)j with a n _i > K 
and ji < ai < • • • < a„_i < 00, t/ien 

b(t) > (2/(i) t^+^ for some t e [c, 1]. 
Proof. In Theorem 14.51 we showed that ifO<fc<n — 2, 

(8.5) ue£#(l, ...,l,oc.., 00) =*> b(h)>Ch^, 

k times 
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for some universal C depending on /i, n, a. Indeed, in Lemma 14.91 we obtained 
cd n < b(h) < Cd n and in ([6TT5]) 

ch < (E +1 - k+a <Ch, n + l-k + a>3 + a. 



Now the lemma follows by compactness similar to the proof of Lemma 14.61 From 
(|8.5|) with k = and by compactness, we can find Ci(e) large such that the con- 
clusion of the lemma holds if a\ > C\. 

If a\ < C\ then we use compactness and (|8.5p with k = 1 (and fl depending on 
[i and Ci), and obtain that there exists Ciie), Ci C\ such that if a 2 > Ci then 
the conclusion of the lemma is satisfied. 

We obtain the conclusion by repeating this argument n — 2 times. 

□ 

We conclude the section with the proof of Theorem 11.21 



Proof of Theorem \1.2\ 

From Theorem l2.1l we know that after subtracting the tangent plane at the origin 
and after performing an affine deformation given by a sliding along x n — we may 
suppose that 

(8.6) u = 0{\x'\ 2 + xl +a ), near the origin. 

For h large we define as usually d\ < ... < to be the length of the axis of 

the ellipsoid which is equivalent to Sh fl {x n = x* h ■ e„}, and we let d n such that 

As in the proof of Proposition 13.11 we can find cq, Cq depending only an n and a, 
and a sliding Ah along x n — such that, 

c d n < b(h) < C d n , 

and the rescaling 

u h (x) := ^u(A h D h x) with D h := diag{di, ..,d n ), 

satisfies 

Uh e T>l°(ai, .., a„_i) with ai = dih~^. 

If 

(8.7) b(h) < Cl {e)h x '^ +a) 

for some c\ sufficiently small then a„_i > K with K the constant from Lemma 
applied to Uh- Then 

b(th) _ b Uh (t) 



b(h) Ml) 

hence 



> 2t3+<>-e for some t £ [c, 1], 



q(h) < ^q{th) with q(h) := b{h)h~z+^. 

Thus if ()8.7[) holds for all h large then q(h) — > as h — > oo. This contradicts the 
growth assumption for u at infinity on the Xfi axis. 
In conclusion 

b(h) > cx{e)h^ 
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for a sequence h = h m tending to oo, hence c(e) < d%h ^ 2 < C(e) if i < n. This 
implies that for this sequence of h m 's, the rescaled function 

u h (x) ;= -u(A h F h x) with F h x := (h?x r ,h*h), 

satisfies the hypotheses of Theorem 12.41 for any r\ > 0. Hence there exists C2(e, rf) 
such that 

(1 - v)U < u h (A h x) < (1 + 77)C/ (x) holds if |z| < c 2 , 
for some sliding Ah- In terms of u this means that 

(1 - V)U < u{A h x) < (1 + r))U holds if \F^x\ < c 2 , 
for some sliding A/j. Using also (|8.6|) we obtain A/j = /. We let /i — > oo, thus 

(1 - »?) Co < u < (1 + v)Ua for all x, 
and, since 7y is arbitrary, we find u = Uq. 

□ 
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